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EVALUATION

Current DoD plans indicate a continued transition from predominantly
analog comunications to digital comunications. This has mandated a need to
re-examine all channel models for accuracy when applied to digital comunica-
tions signals.

In LOS microwave, fading is usually assumed flat. Availability calcula-
tions imply that if a channel is calculated to have, for example , a 40 dB
fade margin , that it will be usable within 40 dB of the average received
signal level . This program has demonstrated for the first time that group
delay is its most severe at deep fades. If the microwave radio is not
designed to handle large excursions in group delay , a high error rate will
result several dB earlier than anticipated . There can thus be a wide
variation between calculated and actual availability .

Most empirical data on multipath fading has been taken for link distances
on the order of 30 mi les or less. Links in the Defense Comunication System

* at times exceed 100 miles. This program has documented , mathematically,
conditions necessary for multipath fading to exist on long links.

Diversity switching on LOS microwave is usually accomplished by a
selection switch. A question that always arises is “How far should the
normal channel fade before the standby channel is switched in?” Results of
this program demonstrated how group delay can cause losses in bit count
integrity during diversity switching and proves that the best strategy is to
switch to the best channel at all times.

Much work remains to be done in further examining the models developed
in this program from a theoretical point of view and in developing additional
experimental data to quantify system availability as the calculations apply
to digital communications.

h1~ ia~~~i~~~.BRI.IN HENDRICKSON
Project Engineer
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SECTION 1

SUMMARY

Continued evolution of the Defense Communication System
(DCS) to an all digital communications network and previous
indications that fading conditions on line-of-sight (LOS) micro-
wave relay links may exhibit a high degree of frequency-
selectivity have motivated the investigation reported here. The
report describes the results of an investigation of frequency-
selective fading on LOS links to determine the effect on digital
communications performance. In the modeling effort and con-
current computation particular emphasis has been placed on up-
dating and revising previous work to include diversity communi-
cations. In the effort aimed at determining modem performance
the primary emphasis has been placed on determining the extra
SNR degradation due to the frequency-selectivity of the multipath
fading. Calculations have been performed for two modems, a base-
band modem operating with conventional FM radios (DAU modem) and
a narrow band phase-continuous FSK modem (IF modem). This sec-
tion of the report provides a list of our conclusions (Section
1.1 below), a list of our recommendations for fur ther work
(Section 1.2), and a summary of the report contents (Section 1.3).

1.1 Conclusions

As a result of this study the following conclusions have
been reached relative to the effects of frequency-selective
fading on DCS microwave LOS links.

a) The largest group delay excursions occur during
the deepest fades (Section 2.3.3). Consequently,
diversity switching from one fading diversity
channel to another channel with little or no
fading on it can cause a sudden large discon-
tinuity in group delay depending , among other
things , on the fade depth threshold for switch-
ing. Because of the correspondence between the
modem bit sync tracking behavior and the group
delay (Section 4.2), and the fact that calcu-
lated discontinuities can be comparable to and
exceed the symbol duration (Section 4.1), loss
of bit count integrity will occur in some
circumstances .

1-1
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b) For diversity switching , use of the rule
“switch to other channel if stronger than
current channel,” is recommended over use
of other rules that postpone the switching
until the signal fades to a pr especified
threshold (Section 4.1).

c) According to the theoretical calculations
frequency-selective fading on the 100-mile
Hohenst.adt-Zugspitze link is more extreme
than on any other link we have encountered .
Nevertheless , it is felt that some of the
physical assumptions (e.g., regularity of layer
structure over the path) may be near their
limits of applicability for such a long link
(Section 2.4.1). The intuitive notion that
such an extreme geometry can lead to extreme
fading is suppor ted by the program of mea-
surements described in [1.11 wherein it was
repor ted that fading over the Hohenstadt-
Zugspitze link path is greater than over any
other tested in the DEB Stage I system.

d) Relative to our evaluation of SNR degrada-
tion of modem performance due to frequency-
selective fading, performance losses vary
widely with change of physical conditions .
In all cases the SNR degradation increases
as the fading on the link becomes more
frequency-selective (as indicated by
increased delay spreads of the interfering
rays). Due to the pronounced frequency-
selectivity of some fading situations
complete degradation can occur in a 20 dB
fade (see Tables 1-1 and 1-2 in Section 1.3.4).

e) SNR degradation losses, due to frequency-
selective fading, were quite similar for
the two modems considered (DAU modem and IF
modem). During conditions of mild fre-
quency-selectivity our calculations indicate
that both modems perform well and under
conditions of strong frequency-selectivity
performance for both is severely degraded .
In a narrow transition region , the IF rtndem
has the superior edge (Section 3).

1-2
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f) Whenever refractive multipath fading takes
place on a link the most probable situation
is that the fading is due to interference of
no more than three rays (this is demon-
strated in Section 2.2.4). In some of our
computations , a fourth and fif th ray have
appeared (see Section 2.4.2). These “extra”
rays , which typically exist over only small
intervals of layer height, are extremely
close to one another In delay and are close
also to the layer path that is greatest in
delay. As a result, frequency-selectivity
of the link still exhibits a three-path
character.

g) There are no useful measi~rements of refrac-
tive index gradient taken in conjunction
with measurements of signal distortion , i.e.,
the P-parameters (Section 2.3.2). Thus, a
valid comparison of model calculations with
experimental results is not possible .
Relative to our propagation calculations ,
however , comparing the character of our
calculated results with the character of
experimental records indicates some striking
similarities (see Section 2.5) and no discrepancies .

1.2 Recommendations for Further Work

To comprehensively determine the effects of frequency-
selective multipath fading on estimates of system availability
it is recommended that the following studies and experiments be
carried out:

a) Model Augmentation

To increase the usefulness of the model the
following tasks should be undertaken:

• As pointed out in Section 2.1.2 below,
the effects of atmospheric turbulence,
normally not a matter of serious con-
cern , may be magnified in a refractive
multipath fading condition . A study
of this phenomena, to determine its
effects on system performance, is
recommended . 1-3
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• Tilted atmospheric layers alter the polar-
ization components of waves that interac t
with them, and for this reason, their effect
on the performance of “frequency reuse”
systems (those which use two orthogonally
polarized waves to approxima tely double link
capacity) should be determined .

• To increase the app lication of our model to
a wider variety of physical situations , the
~‘thin layer” case should be included . This
s the cas e wherein the top and bottom of the

acmospheric layer are both within the ver-
tical region between the two terminals .

• Because of the sensitivity of multipath
fading to some of the more important phy-
sical parameters (e.g., refractive index
gradient and layer height) and the wide range
of values these quantities can take on, sta-
tistical modeling of these quantities should
be incorporated into the refractive multipath
model.

b) Probability of Antenna Decoupling

Prolonged signal attenuation (antenna decoupling)
not exhibiting the usual more rapid character
of multipath fading has resulted in “blackouts”
of some links in Germany . The analytical results
of this report (and the companion computer pro-
grams) are singularly appropriate, for calcula-
tion of the rel~evant angles. For given or
pos tulated antenna patterns we recommend a deter-
mination of the lapse rates required to cause
antenna decoupling and hence the probability of
its occurrence.

c) Diversity Design Study

Since the study results that have been tradi-
tionally used to determine diversity spacings
are based on empirical data for a limited number
of paths , the generalization to cther paths ,
other frequencies , and other areas involves some
degree of risk (as pointed out and summarized in
[1.21). A design study that takes into account
all of the wide variety of parameters in a reasonable
and consistent way should be undertaken. The follow-
ing tasks and questions should be addressed :

1-4
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• Further analysis of space diversity oper-
ation, with special emphasis on an analy-
tical determination of optimal antenna
spacing .

• All candidate diversity combining schemes
should be evaluated—especially new
schemes that, in addition to the standard
fade level, use measurements of signal
distortion in order to take into account
the extra SNR degradation due to
frequency-selective fadng and (when
appropriate) the possible discontinuities
during diversity switching.

• What effect does turbulence [see (a)
above] have on the probability of sixnul-
taneous deep fading on diversity branches?

d) Aqailability Stud1

The probability that a link will be available
is a basic parameter relating to link design.
We recommend an extensive effort to calculate
link availability via the three-step program
outlined below.

• First, determine the probability that
multipath fading will take place on a
link. The results would initially take
the form of bounds of various quanti-
ties, e.g., lapse rate of refractive
index gradient and layer tilt. Based
on available statistical measurements
for these quantities (quite extensive
in the case of lapse rate, the most
important one) the results would yield
the probability that multipath fading
occurs on the link.

• Given the condition that multipath
fading occurs, determine the probability
that the P-parameter values (see See-
tion 3) are such as to result in unaccept-
able error rate(determined through cal-
culations of modem performance such as we
describe in this report).

1-5
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• In a diversity context, given the unaccept-
able performance of one diversity channel,
determine the probability that performance
of the other diversity channel is also
unacceptable.

The three probabilities above, appropriately com-
bined, yield the probability that the link will
fail and, hence, the availability.

e) Channel Measurement

A carefully planned program of system function
and distortion parameter measurement coupled with
refractive index measurements is needed so that
the relationship of the multipath and frequency-
selective character of the link to the link
parameters, geometry, and atmospheric conditions
can be pinned down .

1.3 Summary of Report Contents

In this section we summarize the report contents.

1.3.1 Channel Model

A dependable model of the communication channel is a base-
line requirement in any attempt to evaluate relative modem
performance. The channel of interest here is the DCS LOS micro-
wave relay channel. Because other causes of fading can be
eliminated by simple design techniques , the modeling effort in
this investigation centered on a phenomena known as refractive
multipath . Loosely, it can be said that this phenomena derives
from the fact that electromagnetic energy does not travel in
straight lines in a medium characterized by a spatially varying
refractive index. As it happens, the atmosphere in its usual
condition is characterized by a slight , approximately linear
decrease (or lapse) of refractive index with height. This slight
lapse is not, in itself, enough to cause multipath fading. On
occasion, however, there are regions of vertical extent char-
acterized by a more rapid decline than usual, i.e., by a larger
lapse rate. These regions are referred to as “layers” through-
out this report. When there is the possibility that electro-
magnetic energy traversing a link may intersect with a layer,
the equations of geometrical optics indicate that multiple ray
paths may exist. In such a case the multiple paths interfere in
the classical manner and result in multipath fading. The

1-6
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existence of this condition depends on the lapse rate of 
refrac-

tive index gradient , the path length, the transmitter 
and receiver

elevations, the layer height, the layer thickness and 
the layer

tilt. In terms of these parameters the equations of geometrical

optics can be used to compute the number of paths, 
their relative

delays , and their relative amplitudes, thus providing a complete
characterization of the refractive multipath channel.

Calculation of the quantities required for this character-

ization are described in Section 2.2. Also described are

two basic modifications of the model developed earlier 
at CNR

[1.3]. One of these is the incorporation of layer tilt into the

model (Section 2.2.3). The other is the inclusion of the

physical situation illustrated in Fig. 1.1(b) wherein 
the layer

Is below the highest terminal, i.e., the highest 
terminal is

immersed in the layer (Section 2.2.2). Both of these modifica-

tions were deemed necessary for the modeling of 
links that are

extremely long and/or are characterized by an extremely 
large

vertical separation of receiver and transmitter . The correctness

of this conclusion is demonstrated in connection 
with the

}~0~~nstadt ZugSpitZe link in Section 2.4.1.

Though there are several layer parameters affecting 
the

multipath character of fading on an LOS link it has long 
been

recognized that the lapse rate of refractive index 
gradient

plays a dominant role; measurements of this 
quantity have been

made on a world-wide basis for many years. The primary data

sources for probability distributions of this 
parameter are Bean

and Dutton [1.41 , [1.51 , and Samson [1.6]. The latter is of

particular use here in that it provides data for 
Stuttgart,

Germany that can reasonably be applied to the 
Hohenstadt

Zugspitze link discussed in Section 2.4.1. Though the data

referred to here constitutes the most comprehensive 
source,

certain inadequacies in its collection could possibly 
lead te

slightly erroneous conclusions (see Section 2.1.1).

Though large lapse rates are known to result in multipath

fading there seems heretofore to have been no 
definitive state-

ment about the relationship between lapse rate and 
the existence

of multipath. We have determined (see Section 2.2.4) an

existence condition for multipath due to refraction 
in a hori-

zontal layer. This is given in terms of the inequality

- 
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6.62139 x 10 
+ 156.78 (1.1)

- 

Rf 
[
~~l + 8R f A

where & is the lapse rate of refractive index gradient , Rf is the
radius of curvature of ray paths in the normal atmosphere
(approximately 5300 feet), L is the link length and A is the
height of the layer above the arithmetic mean of the transmitter
and receiver heights. Thus, we see that the lapse rate must
exceed some easily calculable value if multipath fading is to
take place.

It should be pointed out that (1.1) holds only for condition
“A” of Fig. 1.1. Time did not permit the determination of a
similar inequality for condition “B”.

Some simple observations can be made about the existence
condition above. First, as the layer rises above the arithmetic
mean of the receiver and transmitter heights a greater lapse rate
is required in order to support multipath . Secondly,  as the link
length increases , less of a lapse rate is required in order to
support multipath . These trends are evident in the graphical
depiction provided in Fig. 1.2.

One of the most powerfu l applications of the existence
condition in (1.1) is in the determination of the probability of
multipath fading . Consider any particular link for which the
right-hand side of (1.1) can be calculated . Designate this value

~-o. 
Then the probability that multi path fading exists on the

link is just the probability that .~~ exceeds L0• But, this pr ob-
ability is exac t ly that provided by the world-wide program of
measurements described above. Hence , the probability of multi-
path fading on the link is qu ickl y calculable.

As reiterated in our recommendations for future work the
derivation of the existence condition ;tpp lying to condition “B”,
so that an integrated view can be obtained , is strong ly recom-
mended . Such an analysis would provide upper hounds (i.e.,
worst-case indications) of the prob~1bi 1itv of outage.
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From a physical point of view, the creation of atmospheric
layers is a highly variable and complicated process, the study
of which falls more within the bailiwick of meteorologists than
engineers. Nevertheless, an understanding of the basic mechan-
isms resulting in layer formation is crucial to attainment of a
complete computer model. For this reason a discussion of weather
effects and layer formation is provided in Section 2.1.2 of this
report. We have also provided in that section a graphic des-
cription of “heating from below”, one of the more common causes
of layer formation. The overall result of heating from below is
the formation of three distinct atmospheric regions.

1) A narrow surface region near the ground charac-
terized by strong gradients but slight turbulence
(limited effect on communications, if any).

2) A thick central region characterized by strong
turbulence due to rapid upward convection of
air . This reg ion constitutes a well-mixed
homogeneous layer and is characterized by the
standard lapse rate of refractive index gradient
(about 40 Nu/km) .

3) A stable upper layer characterized by larger
than normal lapse rates .

The intermediate central region in this description is the
region through which the direct or pseudo-direct path of Fig. 1.1
passes . The existence of turbulence in this region motivates con-
sideration of adding to the phasor normally representing this
path a small random phasor representing the turbulence.

1.3.2 Fadin& Characteristics Due to Refractive Multipath

That refractive multipath can occur with enough regularity
to warrant concern is beyond dispute. The fact that it is inher-
ently a frequency-selective phenomena seems to be less understood .
The in-depth study described in this report indicates that the
frequency-selectivity of multipath fading can be of profound
importance. Some of the highlights of this report relative to
the character of fading on microwave LOS links (diversity dis-
cussion is deferred until Section 1.3.3) are summarized below .

1-li.
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A first step on the road to obtain ing an overview of refrac-
tive multipath fadin g is to examine its dependence on those
parameters that are best defined probabilistically and retain as
fixed parameters those quantities for which the probabilities are
best known. Thus, one can reasonably ask “given a certain lapse
rate for which the probabilities are relatively well known , what
is the dependence of fade level on layer height and frequency?”
The answer , to some degree, is provid ed by the contour p lot of
Fig . 1.3 which corresponds to a 30 mile link with the specific
link geometry shown and an atmospheric layer with a relatively
strong lapse rate of refractive index gradient (420 Nu/km). This
figure was pieced together from 12 computer p lots and cons titutes
a dual presentation of frequency-selectivity and spatial selec-
tivity (operating frequency on the horizontal axis and layer
height on the vertical axis). Essentially, it shows fade level
as a surface over the height-frequency plane; each contour
depicts the combination of layer height and frequency that will
result m a  fade to the depth withwhich each contour is designated .

In discussing contour p lots it is helpfu l to refer to the
regions inside the smallest contours (the 20 dB contours in Fig .
1.3) as the deep fade loci. It is clear from the contour diagrams
that the deep fade loci are few and far between ; in fact , onl y five
of them appear in Fig . 1.3. Additionally, we note that the l0 dB
fade contours extend over a few hundred MHz , whereas the 20 dB
fade contours are much smaller . This is in keeping with experi-
mental data pointed out by Kay lor [1.7] who has noted that the
sharp deep fades occur during shallower fades that can extend
over a band ap proximately 400 MHz wide.

Figure 1.3 was generated using op erating frequ encies in the
4 GHz band . It is of interest to compare these results with the
results of calculations for the 8GHz band which we provide in Fig.
1.4. One conclusion , borne out by analysis , is tha t the fre-
quency spacings between the deep fade loci in the plots does not
depend on the bands examined , i.e., given a layer height value the
deep fade loci occur with the same frequency spacing in the 4GHz
band as they do in the 8 GHz band. In fac t, we have derived an
expression which , given a constant layer height hL, yields the
frequencies at which the deep fades will occur (see Section 2.3.3)
and this expression indicates that at most two deep fades may
occur every \Ar(hL)\ ’Hz , where A r is the delay difference
between the two rays refracted in the layer .*

*Our arguments here relate to multipath interference between a
total of three rays . It is demonstrated in Section 2.2.4 that the
existence of a higher number of paths is considerably less
probable an occurrence.
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The expression referred to above [(2.156) in the texti has
been used to generate the dotted lines in Fig . 1.4. Note that
these lines pass directly through the deep fade loci , and hence
result in a considerable reduction of effort in determining the
deep fade loci which are the regions of greatest interest.

A second conclusion that can be made from a comparison of
the two contour diagrams is that the relative occurrence vs. layer
height of the deep fades does depend on the frequency band . Com-
paring Figs. l.3andl .4we see that the vertical separation of the
deep fade loci. in the 4GHz band is approximately twice what it is
in the 8 GHz band . This dependence can be demonstrated generally
by appealing to the approximately linear dependence of A’r(hL) on
layer height, (see Section 4.1). When this is done, we see that
there can be at most two deep fades every [fAT(0)P1hmax feet, i.e.,
the layer height separation of the deep fade loci is inversely
proportional to f. Thus, spatial selectivity becomes more impor-
tant at the higher frequencies. If it can be assumed in the rough-
est sense that there is some regularity to the layer motion then
one can conclude that fading will be more rapid in time at the
higher frequencies.

It should be emphasized that the contour diagrams of Figs .
1.3 and 1.4 are really jus t  “snapshots ” of one particular physical
situation. The actual situation is that the refractive index
gradient and layer height have a complicated temporal interdepen-
dence; e.g., as layer height and/or refractive index change in time
the contours of Fig. 1.4 change shape and the deep fade loci move .
This motivates statistical modeling of the two basic physical
parameters , layer height and refractive index gradient . A similar
consideration should also be made of layer tilt (more important
on the longer l inks) .

Possible loss of bit count integrity during diversity switch-
ing (to be discussed in more detail in the following section) ,
motivates consideration of the behavior of group delay during a
fading condition . As it happen s , IF modem bit synch tracking
closely follows the center-of-band group delay , although small
deviations occur . This point is illustrated in Fig. 1.5 which
shows both group delay and bit synch tracking as the angle of the
transfer function at the center of the band is varied over 3600 (a
discussion of the significance of this approach is provided in
Section 3.2.1). The correspondence between group delay and modem
tracking is even more pronounced in the case of the baseband modem .

Because of the correspondence cited above it is of interest
to examine the behavior of the group delay in fading situations .
This topic is discussed in detail in Section 2.3.3. Here, we
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merely point out that the group delay must in general satisfy the
inequality

N
~~

i~ lTg ~ L (1.2)

where L is the center-of-band fade level , N is the number of inter-
fering paths and ai and Tj  are respectively the amp litude and delay
on the i ’th path . An important point in this connection is that
the upper bound in (1.2) cannot be reached unless the frequency is
such that the fade level is at a minimum. This indicates a close
correspondence between the deep fade loci and the most extreme
values of group delay—a correspondence that has been validated
without exception in our plots of these quantities. Another point
is that the group delay is unsubstantial when signal level is high,
L �1. In such a situation most of the links we have studied
(extremely long links excluded) indicate that the group delay
magnitude remains below 10 ns. In a deep fade , however , the group
delay can be extremely large (see Section 2.4 and Section 1.3.4
below) and often comes quite close to achieving the upper bound
in (1 .2) .

1.3.3 Diversity Ooeration

The fading characteristics discussed above impact diversity
operation simply by virtue of the fact that they differ from
diversity channel to diversity channel. To get the full benefits
of diversity operation one ideally would like to have the situ-
ation where there is always a strong, clear signal on the standby
channel whenever the signal in the primary channel is unaccept-
ably degraded . This situation corresponds to the case of non-
overlapping deep fade loci when the contour diagrams for each
diversity channel are superimposed. For the most part, a reason-
able choice of diversity operating parameters results in just
this condition . This is shown in Fig . 1.6 and consists of the
20 dB fade contour of Fig. 1.4 (diversity channel #1) with the
20 dB fade contours of a space diversity channel with receiving
antenna located 30 feet below the primary receiving antenna.
There is no overlap of the 20 dB fade contours; i . e . ,  although
some are close , as with the two pairs near 20 feet , simultaneous
center-of-band fading below 20 dB will not take place. Note , how-
ever, for a carrier frequency (about 8.415 GHz) half way inbetween
the two nodes at 22 feet , one space diversity channel may exper-
ience a 20 dB fade at the lower end of the band (14 MHz assumed)
and the other may experience a 20 dB fade at the high end . One
concludes , overall, however, that simultaneous center-of-band
deep fading on both diversity channels is unlikely, as it should
be. 1-17

---4



______________ _  _ _  — •. .—--- - •••••

6O~~

1

1 1

-

~~~~~~~~~~~ 2
c~ o~~l

I

Frequency (GHz)
0 ,I 

.
,

8.0 8.1 8.2 8.3 8.4 8.5

GROUN D RANGE = 30 MILES
REFRACTIVE INDEX GRADIENT = -420 Nu/krn
LAYER THICKNESS — 62.6  FEET

Figure 1.6 20-dB Fade Contours on Both Diversity Channels
(Contours are numbered according to diversity chanr.el)
Receiver #1 is 80’ above transmitter; Receiver #2 is
55 ’ above t ransmit ter
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Space diversity operation is illustrated in Fig. 1.7 for a
particular link of interest , the Swingate-Houtem link spanning
the English Channel. The desired correspondence of nulls on one
channel with high signal levels on the other is clear from the
figure. A detailed discussion is provided in Section 4.

Relative to frequency diversity, simple rules, based for the
most part on the expression that locates the deep fade frequencies
(see Section 2 .3 .3) ,  can be used to det ermin e the “optimal” sepa-
ration of carrier frequencies in specific situations . As a nuiner-
ical example, our expressions indicate a frequency separation of
460 MHz for the physical situat ion used t o generate the plot in
Fig. 1.8. The plot , which illustr ates the frequ ency selectivity
across the whole band of permitted carrier frequencies on the
Swingate-Houtern link , shows the reasonableness of this choice; the
choice corresponds well with the distance between peak and null.
To generate rules of general utility, statistical modeling is
required .

With the purpos e of examining a physical mechanism tha t in
some circumstances will result in loss of bit count integrity,  we
now turn to a more microscopic viewof the deep fade loci. Our
concern here relates to the following question ; what are the
effects of diversity switching between space diversity channels
as a layer moves through a deep fade locus ?

We consider three s imple diversity rules :

1. Switch to other channel if current channel fades
to depth greater than 30 dB and other channel is
stronger .

2. Switch to other channel if current channel fades
to depth greater than 20 dB and other channel is
stronger .

3. Switch to other channel if stronger than current
channel.

Recall from our discussion of Section 1.3.2 that the largest
excursions of group delay tend to occur during the deepest fades.
This implies that diversity switching from a diversity channel
with a deep fade on it to another channel with little or no fade
is equivalent to switching from a channel with a large group
delay to a channel with very small group delay . Because of the
rapid switching on digital links , there can be a large sudden
discontinuity in delay and hence a loss of bit count integrity .

For concreteness we look at the fade in Fig . 1.9 and assume
upward layer motion* and initial operation of diversity channel
#1. In Fig . 1.10 we have presented the group delay plot
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corresponding to Fig . 1.9 and marked off the points at which
switching t akes p lace according to the diversity rules listed
above . For rule 1 we get a discontinuity of 177 ns . For rule 2
a 50 ns discontinuity occurs , whereas for rule 3 it can be shown
on an expanded sca le that the discontinuities are considerably
less than 10 ns.

Relative to a symbol length (72.3 ns) the group delay dis-
continuity that occurs when rule 3 is used is extreme. In view
of the close correspondence between modem tracking and group
delay (Section 4 .2 )  it can be concluded that switching during a
fade to 30 dB (or any deeper fade) will , in some circumstances ,
result. in loss of bit count integrity on this link .

1.3.4 Modem Performance Degradation

Per formance in the presence of representative multipath
condi tions has been evalua ted for two modem designs : a baseban d
modem designed for existing FM radios , and a phase-continuous
FSK modem which interfaces to existing radios at IF. Both
modems achieve a packing density of 2 Bps/Hz ; the latter is a
higher performance modem in the sense that it requires a smaller
Eb/N O to achieve a given error rate.

For each of 27 multipath conditions calculated for the
Hohenstadt-Zugspitze link performance of the modems was calcu-
lated at three fade depths : 10, 20 , and 30 dB. As the depth of
the fade increases , frequency-selective effects become more
pronounced . In other words , fading will be “flat” (that is
undistorted) for smaller fade depths and frequency-selective
(that is distorted) for larger fade depths . At some fade depth
distortion will reach the point where the eye-pattern closes for
certain symbol sequences; when this happens it will be impos-
sible to obtain a satisfactory error rate regardless of the
value of Eb/N O available ~~ the receiver . This behavior may be
seen qualitatively in ‘iaol~ -1 which summarizes bas eband modem
performance for each of the c~- .k.oel conditions considered , or
in Table 1-2 which app lies  LO t I le  IF modem . (In these tables
the three layer heights which ~ere considered for each combina-
tion of refractive index grad.~ent and layer tilt slope are• lumped together for simplicity.) Selecting a gradient and
slope , one can look acros s horizontally and compare performance
at fade depths of 10, 20 , and 30 dB. For relatively f la t chan-
nels the transition from flat fading to frequency-selective
fading occurs at very deep fades , while for more selective
channels the transition occurs for shallower fade depths . Since
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fade depth is quantized to 10 dB increments in this table, the
transition from flat fading to complete degradation is usually
abrupt. Individual performance curves on which the tables are
based may be found in Section 3.2 .

Summarizing , our evaluation of SNR degradation o~f modem
performanc e due to frequency-selective fading reveals that the
performance losses can vary widely with change of physical
conditions . In ~ll cases the SNR degradation increases as the
fading on the link become s more frequency-selective. Due to
the increased frequency-selectivity of some physical situations
(see Tables 1-1 and 1-2) complete degradation can occur in a
20 dB fade. Increased frequency-selectivity, of cours e, cor-
responds , to increased delay spreads of the ray paths , and
the trend toward greater frequency-selectivity corresponds gener-
ally with increases in lapse rate of refractive index gradient and ,
ad-hoc , increases in layer tilt. (As an example we point out
that layer slope variations from .007 to .010 in Table 1-1,
corresponding to a refractive index gradient of 400 Nu/km,
are accompanied by delay spr eads of the layer rays ranging
from about 2.4 ns to 4.4 ns.) The parallel trends of increased
frequency-selectivity and increased SNR degradation due to
signal distortion are clear from the tables . (See Section 3
for detailed discussion.)

Comparing Tables 1-1 and 1-2 it may be seen that the
effec ts of mul tipath on the two mod ems are remarkably similar .
However , a careful examination of the tables or of the figures
in Section 3 (Figs. 3.6 through 3.26) shows that the FSK modem
is somewhat less susceptible to multipath than the baseband
modem .
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SECTION 2

CHANNEL MODELING

In this section we describe , analyze, and examine the
causes and effects of frequency-selective fading due to
refractive multipath on microwave line-of-sight links. A major
goal of the effort described here is to determine the eventual
effects on modem performance. Because of its separate import-
ance, however, discussion of this topic is deferred until
Section 3.

In Section 2.1 below we describe the propagation channel.
The viewpoint in Section 2.1 is primarily a physical one. We
discuss the effects of weather on the formation of layers and
emphasize the importance of certain layer parameters .

In Section 2.2 we describe our analysis of the propagation
channel. This includes :

1) A description of the link and the setting up
of the problem.

2) Solution of the problem using geometrical
optics with emphasis p laced on analyzing
the situation wherein the layer is below
the highest terminal.

3) Inclusion of layer tilt into the model.

4) Lapse rate requirements for the support of
multipath .

It is from the results of this analysis (yielding all of the
ray path delays and amplitudes) that one can compute any of the
system parameters of interest .

2-1
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In Section 2.3 we describe the system parameters, fade
depth and group delay , and present in general terms a dis-
cussion of the P and T parameters that play a pivotal role in
both the representation of signal distortion and the modem
performance calculations of Section 3. Additionally, we des-
cribe in this section a significant relation between the fre-
quencies at which the fade depth and group delay extrema occur.

Two important communication channels of interest, the
Hohenstadt-Zugspitze link and the Swingate-Houten link are
analyzed in detail in Section 2.4. Fading characteristics of
the channel are depicted via plots of the multipath delay and
amplitude profiles and plots of fade depth and group delay vs.
layer height and frequency. Discussion of diversity effects
is deferred until Section 4.

Certain propagation parameters relat ing to the Hohenstadt-
Zugspitze link have been used in the modem performance calcula-
tions presented later in Section 3. The way in which these
parameters have been selected in order to reduce them to a
manageably small set is described in Section 2.4.3.

In Section 2.5  we pres ent a brief review of the litera-
ture. The emphasis here is on relating our computed results
to the available data that has been accumulated by others.

2.1 Description of Propagation Channel

In this section we describe the physical character of the
LOS propagation channel. The basic nature of multipath fading
on LOS links is described in Section 2.1.1. Section 2.1.2
describes the effect of weather conditions and the physical
mechanism governing the formation of layers . S~ction 2.1.3
addresses some questions related to layer height and layer
thickness.
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2.1.1 Morphology of Refractive Multipath

In this section we describe the mechanism of refractive
multipath and the physical conditions which cause it.

Generally, it can be said that refr active multipath
arises because of the bending of electromagnetic rays in an
inhomogenous medium . The equations of geometric optic s
indicate that electromagnetic rays travel in straight lines
in a perfectly uniform atmosphere. In the troposphere,
however , the atmosphere is often not uniform; in fac t , be-
cause of its 3andwiched location between the earth and the
stratosphere , there may be rapid changes in temperature ,
pressure, and vapor pressure with height. These gradients,
in turn , give rise to a gradient in refractive index. In
fact , an acceptable order of magnitude of the variation ~~
of the index of refraction is obtained from the formula,

~P - ~~ r + 7 - ~r (2.1)

where ~P is the pressure variation in millibars , ~r is the
variation of the temperature in degrees Kelvin, and ~.r is
the variation of the mixing ratio, defined as the mass of
water vapor (in grams) mixed with 1 kg of dry air [2.11 .
Measurement of each of the constitutive parameters in (2.1)
is sometimes used for indirect measurement of N. (See, for
example, the description of radiosonde measurements in [ 2 . 2 ] . )

In its most commonly occurring state, the troposphere
is charac terized by a mild refractive index gradient; the
refractive index decreases by about 40 Nu/km. In such a
case , we say that the lapse rate ~ is given by

= 40 Nu/km (2.2)

(This is the numerical value used for the “standard” or
“direct path” atmosphere in the remainder of this report.*)
On some occasions, however , anomalous weather conditions can
exist which result in the formation of refractive layers.

*It will be recalled that N units are just the usual dimen-
sional units of refractive index multiplied by 106 (see
[2.3 , p. 3—11 ]) .
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When this happens , the re is the usual “standard” lapse of
40 Nu/km until some unpredictable height, referred to as the
“layer height ” , is reached , at which point a much stronger
lapse (e .g . ,  300 Nu/km ) occurs until the “top” of the layer
is reached. At this point the milder lapse characterizing
the standard atmosphere takes over.

The vertical region , charac terized by the larger lapse ,
is ref erred to as the “layer” . The extent of this region is
referred to as the “layer thickness” . The vertical point
(measured with respect to some convenient reference), at which
the st ronger larger lapse begins , is referred to as the
“layer height”.

There are many complications to the picture described
above. Not the least of these is the abundance of layer
parameters which have not been measured extensively. Dis-
cussion of this topic , because it impacts our computer model ,
is deferred until Section 2.1.3. Another complication arises
because the troposphere may not separate in simp le fashion
into well-defined layers of constant lapse rate. Additionally,
the troposphere may vary linearly and/or nonlinearly in the
horizontal direction . Although the possibility of such con-
ditions actually occurring can in no way be ruled out, con-
struction of a model based on such considerations would be
of little use in view of the all-important fact that there
would be no available empirical inputs to the model. Addi-
tionally, the use of the refractive index gradient as a valid
description of tropospheric propagation is widely accepted .
In fac t, the entire worldwide effort to measure refractive
index gradient is predicated on the assumption that a linear
or near-linear dependence of this parameter on height is a
dominant influence on tropospherically-propagated waves. If
this were not so, the vast array of data collected (see an
example in Figure 2.2) would be of little use . The fact that
the premise is supported by the stab le geometry of large air
masses and frontal inversions is discussed in Section 2.1.2.

The basic laws of electromagnetic wave propagation
indicate the propagation of waves in curved paths when a
refractive index gradient is present. In fact, when the
gra dient is a cons tan t, the rays travel in circular arcs
[2.4]. For point-to-point LOS propagation on the earth ’s
surface , these arcs may be concave-upward or concave-
downward depending , respectively, on whether the refractive

2-4
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ind.x inc reases or decreases with height . A negative refrac-
tive index gradient is by f ar the more common; thus , a ray
typica lly tends to travel in concave-downward arcs. This
does not mean th at the ray necessarily tends to bend back to
earth; the ray, though concave-downward , may have less curva--
ture than the earth ’s surface and effectively bend away from
the earth. A point of importance in this connection is trie
following : even though a ray path may be concave-downward,
as illustrated in Figure 2.1(a), n plot of ray height vs.
distance x along the path may exhibit an upward concavity
as illustrated in Figure 2.1(b). From an engineering point
of view, this latter representation is the one of importance.
Analytically,  it is achieved via an “earth-flattening” coor-
dinate transformation [2.31. The path resulting from this
transformation , like that in Figure 2.1(b), shall be called
the virtual path. Using the convention that a negative radius
indicates an upward conc avity and a positive radius indicates
a downward concavity, we have from [2.3] that the virtual
radius in miles is given by

— 
0.62139 x 106R — 

- 156 .78 (2. 3)

where ~ is the lapse rate of refractive index gradient in
Nu/km , i.e., is the rate at which the refractive index de-
creases with height.

From the expression for virtual radius of curvature in
(2.3), we have constructed Table 2-1. In this table we use
the descriptive terms “subrefraction”, “super-refraction”,
etc., that have been used extensively in the literature .
Each category corresponds to a range of lapse rate, and we
have conformed with [2.5] and [2.6] in our definitions
with one exception. Because of a gap that would occur be-
tween ~~=0 and i~~= lOO , we have bestowed the title “normal-
refrac tive” on layers having lapse rates in that range.

Our major concern in this report is with layers in the
last category . These are the “ducting” layers that give
rise to refractive multipath. Extensive programs of measure-
ment of lapse rates which have been and are being carried
Out Ofl a worldwide basis indicate that ducting layers can
and do occur with sufficient frequency to warrant concern .
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(a) Actual Path

Concave-downward Ray Path Above Earth

(b) Virtual Path

Plot of y vs. x , where
y height of ray path above earth
x E distance along earth from

center point

Figure 2.1 Comparison of Actual Path and Virtual Path
Geometries
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Thi s was clearly evident in the early comprehensive data of
Bean, et al. [2.5] and from several measurement programs that
have been described since [2.6], [2.7].

A wide-ranging collection of probability distributions is
gathered together in [2.6]. One of particular interest, since
it relates to our calculations on the Hohenstadt-Zugspitze link
[see Section 2.4.l] is the data for Stuttgart, Germany , shown in
Figure 2 .2 .  This data shows that .2°!. of the observations made
in Stuttgart indicated that the lapse rate exceeded 300 Nu/km .
As pointed out in [2.81, this da ta is justifiable extrapolated
to the Hohenstadt-Zugspitze link. Unfortunately,  the informa-
tion in Figure 2.2 does not constitute a comprehensive data
source. The reason for this is that measurements were only
taken two times a day (at the same time of day) for several
months. If nothing more, the data certainly indicates the
occasional occurrence of large lapse rate, whereas some places
in the world never show lapse rates in excess of 150 Nu/km .
(See data for Chita in the Soviet Union.) In such regions
the phenomena of duc ting rarely, if ever , occurs . In other
regions, it appears to occur with substantial regularity.

2.1.2 Weather Effects and Formation of Layer

Refractive layers cannot occur unless there are gradients
in pressure and/or temperature and/or moisture content of the
atmosphere . From a consideration of all the available measure-
men ts, Craig , et al. [2.9] have adopted the following simple
expression for numerical use:

(n-l)x10
6 

= 

~~(pd
+e+

~~~) 
= (2.4)

where
n = th~ index of refraction of moist air
c = 79 K/mb
b = 4800°K
T = temperature in
p = total pressure in mb
e = the partial pressure of water vapor in mb

When n is rep laced by the modified refractive index , the
left-hand side of (3.4) becomes a quantity that is called
the refractive modulus M .
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Pressure varies so slowly with height that its contribu-
tion to (2.4) can be discounted. On the other hand , the
humidity variation is an important part of ~~ The water
vapor , evaporating from the earth , tends to dif fuse  in a
vertical upward movement, distrih”ting iteself over the entire
atmosphere. In the absence of aL!1o~~[~ n c turbulence , the
diffusion proceeds very slowly a~d , because of this stability ,
è may have a very strong vertical grac i ent.

The separate dependence of M on temperature change and
change in vapor pressure is illustrated in Figure 2.3. - We
see that-, in the absence of any vertical .gradient of vapor
pressure, a temperature inversion (temperature increasing
with height) -tends to cause M to increase less rapidly with
height than in the standard case. If the temperature inver-
sion is strong enough , it causes an actual decrease of M with
height. In the absence of any vertical temperature gradient,
the ver tical M gradient varies in direct propor tion to the
variation in the vertical gradient of vapor pressure .

There are a multitude of meteorological conditions that
can result in a formation of a super-refracting layer, i.e.,
that can result in M inversions . These are:

(I) Heating from below
(2) Cooling from below
(3) Subsidence inversions
(4) Frontal inversions

Craig and Montgomery [2.10] have presented a graphic
description of “heating from below”, one of the more common
causes of layer formation . Following their scenario , we
examine the sequence of events occurring on a calm clear
morning as a result of the ground being warmed by solar
radiation . Near the initially cold ground there is an
initially stable air mass but , as the ground heats up ,
packets of air warmed by contact with the ground begin to
rise convectively. These packets accelerate at first and
then begin to declerate at a level that is well-defined from
thermod ynamic considerations , i.e., “there is a definite top
to the convection”. The overall result of heating from below
is the formation of three layers:

(1) A narrow surface layer near the ground charac-
terized by strong gradien ts but slight turbulence
(air packets are just starting their acceleration)

2-10
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(2) A thick central layer characterized by strong
turbulence due to rapid convection of the air
packets

(3) An upper layer that is stab le.

The ground layer which extends to no higher than about
50 fee t is unlikely to have degra d ing ef fe cts on links other
than those that have very low-lying antenna systems . The
second turbulent layer constitutes a well-mixed homogenous
layer and is characterized by the “standard” refractive
index gradient (about -40 Nu/km). The highest layer is
stable , but is common ly characterized by a lapse of water
vapor concentration . To quote Craig and Montgomery [2.10]
“The stab le layer is therefore usually superstandard .~I*
This observation derives from the data of Figure 2.3(b).

The features that the above description have in common
with our computer model illustrated later in Figure 2.5 — 2.7
should be apparent.

In their description of heating from below , the authors
go on to discuss the horizontal variations in the boundary
heights between the layers due to wind movement of cool air
masses over warm masses of water. This could result in
tilting of the layer , as we discuss in Section 2.2.3.
Additionally, it is easy to see that layer tilt could arise
from variability of earth moisture content over a link. A
possibility no t mentioned in the reference cited ab ove would
be a regular horizontal variation in refrac tive index profile
over a long link due to the different degrees of heating that
the link submits to as the sun rises above it. This mechanism
of layer tilt is particularly reasonab le in view of the fact
that heating from below is usually an earl y morning phenomenon .

One interesting feature of the scenario discussed above
is the “fully-developed turbulence” in the intermediate
homogenous layer. This layer, which is called the “direct

Meteorologists, for purposes of easy reference , of ten break
down the several situations we have categorized in Table 2-1
into standard , subs tandard , and superstandard . By “sub-
standard” they refer to the condition wherein the refractive
index increases more rapidly with height than in the standard
case. By superstandard they re fe r  to a greater rate of
decrease .

2—12
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path’~ or “pseudo-direct path” in our model (see Section 2 .2 .1)
has not been investigated as a turbulent (scintillating) channel.
As mentioned above, the region below the stable layers causing
refractive multipath , though characterized on the average by the
laps e rate for the “standard” atmosphere , may exhibit strong
turbulen ce~. Turbul ence, or randomn ess of the refractive index ,
has long been a topic of interest for experts on atmospheric
propagation . The general consensus , however , is that the rms
values of amplitude fluctuations are so small as to not warrant
undue consideration as far as communication system performance is
concerned ; typical estimates [2.3] are that the rms value of the
randomly fluctuating phasor representing the turbulence is 20 dB
down from the direct path. Consider the imp lications of this
report , however ; classical interference of multipath rays can,
with a high enough probability to warrant concern , y ield a
resultant phasor (signal level) that is 20 dB down from the
direct path signal level. Now, consider a random phasor (rms
value 20 dB down from the direct path) that is added to the
phasor representing the direct path . By superposition this
phaso~ can be added to the resultant phasor of the classical
tnultipath interference. We find ourselves in the position of
adding a random phasor wi th rms value 20 dB down from the direct
path to a small “deterministic ” phasor of approximately the same
amplitude. The effects can be dramatic . Whereas, turbulence
can normally be neglected , a deep fade condition due to refrac-
tive multipath can greatly magnif y its effects. It is recommended
that this condition , probable in a meteorological context , be
investigated more fully.

The phenomenon of subsidence is also known to be a cause of
superstandard refractive conditions ; this phenomenon is the sink-
ing or lowering of larg e masses of air fr om high to low levels .
For reasons described by Craig [2.11], this condition tends to
result in stable layers below which exists a region wherein air
is mixed by turbulence or convection . The base of the layer
(subsidence) is often characterized by a subsidence inversion
wherein the humidi ty ra pidly decr eases wi th height; this latter
situation arises because the air above the inversion , having
descended from higher levels , is usual ly very dry. Because of
the temperature increase , which is always present , and the
humidi ty decreas e, which is frequently present , there is pra c-
tically always a superstandard N gradient in a subsidence
inversion.

Fronts can have important effects on temperature , humidity,
and M prof i le , but becaus e their effec ts are mor e variable than
those of subsid ence, meteorologists are reluctant to make general
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statements about the effects they will have on propagation . A
front (or frontal surface) is the boundary between two large air
masses and , because the overriding air mass is the warmer one ,
there is always a stable layer and often a temperature inversion .
Unlike the interaction between two large air masses in a sub-.
sidence inversion , the overriding air is moist. Some information
is available on slopes of frontal surfaces , however (see Section
2 . 2 . 3  below ) .  The same physical mechanisms governing the tilt
of fr onts govern th e til t of subsidence bound ari es as well and ,
in lieu of more definitive data , have been used in our computer
model.

2.1.3 Additional Layer Parameters

In this section we discuss two additional layer parameters ,
the layer thickness , and the layer height.

Dependence of multipath fading on layer thickness has an
“on or off ” character to it. A layer is either thick enough to
trap a given ray or is so thin that the ray escapes from the top
of the layer and bends away from the earth . A record of fade
level vs. layer thickness (all other parameters constant) would
disp lay sharp discontinuities due to this phenomenon .

Some measurements of layer thickness have been made. Statis-
tical distributions of layer thickness , based on measurements
over a three-year period in the Arctic (Fairbanks , Alaska), in a
temperature climate (Washington , DC), and in a trop ical maritime
climate (Swan Island), are reported by Bean and Dutton [2.21.
This data is reproduced in Figure 2.4. Note that one can make
the rough conclusion from this figure that layers with thickness
in excess of 280 meters were observed 2°!. of the time in the
temperature region .

Beckmann and Spizzichino [2.1] have also presented data on
layer thicknesses . Their rough deductions from measurement of
the cutoff wavelength indicate that layers with thicknesses in
excess of 100 m may be present more than 1O7~ of the time .

Unfortunately,  there does not seem to be data available on
the joint statistics of layer thickness and refractive index
gradient; i.e., we cannot gain any insight into the frequency of
occurr ence of thick lay ers with large lapse ra tes.

Layer height is another parameter for which the data is very
limited . In fact , because there seems to be no useful data avail-
able for layer heights , we have tended to view this parameter as
an independent variable against which to plot the results of our
calculations . There are reasons to suspect that the height of the
layer is a high ly variable dynamic quan tity. In fac t, Bulling ton
[2.121 has come up with estimates of vertical velocity for layers
(a few feet per minute). 2-14
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2 . 2  Analysis of Propagation Channel

In this section we des cribe our analysis of refrac tive
mul tipath on LOS links . The anal ysis , of course , draws on
earlier analytical approaches presented in a previous CNR report
[2.13]. Comparisons of the approach to the problem presented
here and in the earlier report will manifest obvious similarities
in the general way that the problem is approached . The differ-
ence, her e, is that we have analyzed the situation wherein the
interface of the atmospheric iayer and the “standard” atmospher e
is at a vertical location below the highest antenna terminal.
This is an important addition in view of the fact that there
ar e links in the DEB tha t have vertical separa tion distances
of a f ew thousand feet between the transmit and receive antennas
(e.g., Hohenstadt-Zugspitze link) and that typ ical layer heights
on such links fa l l  bel ow the highest antenna.

A further augmentation of the model has been achieved by
incorporating layer tilt ; this addition as described earlier
can have gr eat impact on the fading character of signals on
some links , espec ial ly the longer ones .

The link model is set up and described in Section 2.2.1.
The solution of the problem , including calculation of direct
path and multipath quantities , is described in Section 2 . 2 . 2 .
The manner in which the model is adapted to include layer tilt
is described in Section 2.2.3. In Section 2.2.4 we show how
the analytical results can be used to determine bounds on
refractive index gradient , i. e . ,  we determine how large a lapse
rate of this all-important parameter is required in order that
multipath be supported on a given link.

The analysis described in this section is the mathematical
framework for the CNR sof twar e tha t has been used to generate
all of the fading charac teristics of the channel presented in
this report and the pro pagation parameters (ray path delays and
amplitudes) used as input values to the modem performance soft-
war e described in Sec tion 3.
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2 . 2 .1  Description of Link

The manner in which refractive layers are generated by
atmospheric conditions was described in Section 2.1.2.
Throughout the remainder of this report, it is assumed that
there exists a stable layer of finite thickness at the link
location . The bottom interface of this layer can lie above
or below the highest terminal, as illustrated in Figure 2.5.
In Figure 2.5(a) we see the situation wherein the layer inter-
face is above the highest receiver; this is subsequently
referred to as condition “A” . It will be recalled that this
situation has been analyzed before with some computations
appearing in [2.3] and [2.13]. Because of limitations in
application to links with extreme geometries (like some of
those in the DEB), it was deemed necessary , however, to per-
form an analysis of the situation shown in Figure 2.5(b).
In this figure we see the lower layer interface positioned
below the receiver. We call this condition “B”. The dif-
ference between this situation and the previous model developed
at CNR is that the receiver is located within the layer.

Expanded views of the situations illustrated in Figure
2.5 are shown in Figures 2 .6 and 2 . 7 .  The f i r s t  of tht se ,
which appeared in an earlier report [2.13J , illustrates
condition “A”; the layer interface is above the receiver.
The second illustrates condition “B” which will be given a
detailed treatment in Sections 2.2.2 and 2.2.3.

The primary di f f icu lty in the analysis (as with the pre-
vious analysis) relates to determining the ray transmit and
receive angles, 6~ and 8~ , respectively. The nature of the
medium is such (constant refrac t ive index gradient) that once
these two angles are determined , the single corresponding
multipath ray path is completely defined; the assoc iated delay
and power loss can then be quickly computed. A multiplicity
of ray paths is possible because of the multiplicity of solu-
tion pairs 8T and 9R and because of the variable number n of
L2 segments*. Unfortunately, the fact that the current model
(condi tion “B”) places the receiver in a region characterized

*The usual case of interest is n=0 . For any given link
geometry ,  the case n >O  requires a more extreme refractive
condition of the layer than the n=0 case .
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by a different refractive index than that characterizing
the region surrounding the transmitter results in some com-
plications of the analysis. We have been able to solve the
prob lem exactly,  however ; the details of the so lution are
provided in Section 2 . 2 . 2 .

In terms of the parameters and geometries i l lustrated in
Figure 2.7, it can be simply stated tha t the CNR sof tware ,
based on analytical results presented in this section , com-
putes the amplitude and delay for each of the ray paths
supported by the propagation channel. It is in terms of
these , of course , that comp lete characterization of th~
communication channel is achieved.

Before proceeding with the analysis, it is important to
separate and identify the input parameters . This is required
because of the wide variety of different results obtainable
with different input parameters and the importance of carefully
selecting the input parameters in accordance with available
measurements. The list of input parameters is provided in
Table 2-2; we have categorized the parameters according to
whether they are link design parameters (man-made) or layer-
related parameters . We have also categorized them according
to whether they are dynamic or static .

The initial analytical treatment assumes a perfec tly
horizontal refractive layer; the tilted layer case can be
converted to this simpler problem via the coordinate trans-
formation discussed in Section 2.2.3 . Thus, results in this
section will not depend on layer slope S.

Additionally,  it will  be noted tha t there are no fre-
quency variables in Table 2-2. Frequency is totally a system
parameter (see Section 2.3) and, even though all the sys tem
distortion parameters have a strong dependence on frequency,
it plays no role in the determination of the ray path delays
and amplitudes.

2.2.2 Solution of Problem Using Geometrical Optics

The equations of geometrical optics are perfectly suited
for use in determining the delays and amplitudes charac teri-
zing LOS links. It will be recalled from electromagnetic
theory that wave propagation is governed by the equation of
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the eikonal (geometrical optics l imit)  when two basic conditions
hold:

(1) The index of refraction does not change appre-
ciably in a di stance equal to the wavelengths
of radiation .

(2) In a distance equal to the wavelength of radia-
tion , the fract ional change in the spacing
between adjacent rays must be small compared
to unity .

Clearly, geometrical optics becomes more app licable as
one goes to higher frequencies. On the basis of condition (1),
a LOS link operating at a carrier frequency 

~~ 
1 GHz was

judged to be safe ly modelab le using the geometrical optics
approximation [2.31 . On this basis it is deemed thoroughly
applicable to the 4- and 8-GHz links treated in this report.

It is not as easy to determine whether geometrical optics
applies using condition (2). Work done by Wong [2.141, however ,
indicates that in the presence of atmospheric layers the rays
travel in well-defined bundles. Within each of these bundles ,
condition (2) is satisfied at all but a finite number of caustic
points. At these caustics , which are formed by the intersection
of adj acent rays , the ray theory can be slightly modified [2.151,
[2.161 to provide approximate field intensity . In the other
region s where the separate ray bundles intersect , the relative
ampli tudes and phases of each bundle can be calculated from
ray theory , since each satisfied condition (2). These regions
are known as mul tipath region s , interference regions , and
radio anti-holes.

The use of ray techniques has long been a commonly-accepted
practice for analysis of microwave line-of-sight links and is
used throughout this report without furthe r discussion .

Before commencing wi th the ana lysis , it is instructive
to note two interesting and important features of the geometri-
cal approach:

(1) The time it takes a wavefront to pass from point a
to b along a path is proportional to the integral
of refrac tive index along the path between the
points; i.e.,
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da (2.5)

where n is the refrac t ive index and c0 is the
free space speed of light .

(b) When the refractive index of a medium changes
linearly ,  i.e., when its gradient G=V n is a
constant , the radius of curvature of each ray
path in the medium is given by:

IR~ (2.6)

Equation (2.5), represen ting delay as a path integral , is the
basic means whereby the path delays on LOS links are calculated.
One need only know the refractive index and the path geometry .
If G is a constant, the value of n at any point is de termined
from knowledge of hL and G in Table 2-2. Determination of the
ray path geometry is a more difficult task, however , and is a
main focus in the remainder of this section . We simply point
out here that (2.6) is a crucial aid in determining the path
geometry ; it indicates that the radius of curvature , like the
gradient, is a constant . Hence , the ray paths are segments
of circles , an important simp lif ying feature .

The analytical approach to this problem can be logically
divided into two e f for ts: one is direc ted at determ ining
de lays and amplitudes on the direct path; the other is directed
at de termining delays and amp litudes of the multipath rays .
The distinction between the direct path and the multipath
rays is important. The direct path is that path that exists
be tween tran smitter and receiver when there is no refract ive
layer present. A normal , or “average ”, atmosphere is assumed.
This path can alternatively be called the “free-space” or
“clear atmosphere” path , but we make no use of such nomen-
clature . The multipath rays, of course , are those rays that
are refrac ted by the atmospheric layer. Fortunately,  the
direc t pa th yields simple analytical expressions for delay
and ampli tude , and is always used as a reference in this
report. Thus , ra ther than referr ing to a mu ltipath ray wi th
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delay 500 ,002 ns , vis-a-vis a direct path with delay 500 ,000 ns ,
we refer  to the multipath ray as having delay 2 ns. A similar
statement can be made regarding the amplitude . Summarizing ,
we merel y state that henceforth in this report the path ampli-
tude a and path delay ~ of a multipath ray refer to the relative
quantities defined below . For the ~th ray (out of a total of
N rays),

Rel abs abs
a. = a. I a

1 
(2.7)

-~ -~ j = l , ...,N

Rel abs abs

~ 

_
~~l 

(2.8)

where the direct path is taken, as always , to be path 1~l.
Since we are using a and ~ without the superscripts to denote
the relative quantities , we have = 1 and = 0 for the direct
path. The reader will note that tfiis convention is exactly the
same as considering the overall channel transfer function and
normalizing with the direct path channel transfer function .

The normaliza tion des cribed above will be used indepen-
dently of whether or not a direct path between transmitter and
receiver exists. That both cases can hold should be obvious
from Figure 2.5. In part (a) of the figure , a direct path to
the receiver always exists. In part (b) of the figure , there
is no direct path . In either case , however , all quan tities will
be referenced to the direct path.

All of the calculations in this report make use of the
earth-flattening coordinate transformation described in 2,13,
p.2-14]. From the cited reference we have taken Figure 2.8
which summarizes the effects of the transformation . From the
figure it will be noted that a ray whose curvature exactly
matches that of the earth has an infinite radius of curvature
in the flattened-earth coordinate system , whereas a perfectly
straight ray appears as a circular segment with concave side
upwards in the flattened earth coordinate system.

For the direct path , the atmos pher e is assumed to have
its standard value C = -39 Nu/km . In the flattened earth coor-
dinate system , this corresponds to a concave-upward circular
segment with radius of magnitude Rf = S280 miles. Generally,
the radius of curvature is related to the gradient via the
relation
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Figure 2.8 Effect of Earth-Flattening Coordinate Transformation
of Ray Trajectories (From [2.13])
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- 0.62139 x 106 2 9R — 

G + 156.78 . )

It will be no ted tha t this expr ession y ields an infinite radius
and a change of sign at the transition point:

G = -156 .78 (2.10)

It is convenient to describe this behavior in terms of the
lapse rate of refractive index gradient , which is just the
algebraic negative of C. Were the lapse rate to rise f r om
its “standard-atmosphe re ” value of 39 Nu/k m to some large but
realizable value (e.g., 300 Nu/km), the ray path would f i rst
be concave-upward , reach a point at approximate ly l57 Nu/km
where it becomes perfectly flat , and then become concave-
downward bending the rays back toward the earth .

The earth-flattening coordinate transformation has the
effect of modifying the refractive index n, resulting in the
“modified refractive index” m . The relationship be tween the
two quantities is given in Figu re 2.8 , and is discussed at
length in [2.13 , Section 2.1.1.21.

2.2.2.1 Calculation of Direct Path Quantities

Like the refrac tive index, the modified refractive index
varies linearly wi th height and can be simply represented as

m(z) = m0 
+ g

0
z (2.11)

where z is the heigh t ab ove some convenien tly chosen zero poin t ,
m0 is the value of the modified refractive index at that point ,
and g0 is the direct path gradient of the modified refractive
index. The radius of curvature is given by

R o = - (-:-~
)•
~
‘

= (2.12)g0
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Thus , from our standard atmosphere assumption for the direct
path (G0 = -39 Nu/k m ) , g0 and R0 are immediately determinab le
via (2.9) and (2.12).

The direc t path geometry is illustrated in Figure 2.9;
the ray path curvature has been grossly exaggerated to make
it visible . From the geometry, we see that any poin t along
the ray path positioned such tha t its radius arm is at an
angle a with the ver tical is at a height z given by

z = hT 
- (R

f 
cos a - Rf 

cos a
T
) (2.13)

Substituting in (2.11),

m = m
0 +~~0

h~~+ cos a~~
_ cos a (2.14)

The time delay is proportional to the integral of m over the
path , i.e., over the circular arc . The differential arc
length is given by

da = Rf da (2.15)

and mO + g O hT c
~ 

1
Performing the sim p le in tegral and dividing by c , the speed
of light in vacuo , we obtain

= ~~ [(sin ~~ + sin 
~~~ ) - (l+cos 

~~
) (
~~~

+a
R)] 

(2.16)

A companion expression for (2.16) represents power on the
path as a function of the ang les a.r and aR. This can be
derived by following exact ly the same procedure described in
[2.31 and [2.13] but omitting the simplif ying assumption
that sets cos a1~~ 1. As a re sult, we get the power factor*

*The square root of this quan tity is the r ay path amplitude
that we have repeatedly referred to.
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= 
L sin aR 

~~ (sin a~ ) (2 .17)

The problem of calculating aT and a.~ remains. This is
a circumstance that will characterize the multipath analysis
performe d later , and has been a standard approach of ours in
solving problems of this type : first solve for the amplitudes
and delays in terms of the transmit and receive angles; then
solve for those angles.

This last step is relatively simple here . We note , from
the geometry in Figure 2.9, that the following relations hold:

j+ sin cx.~~= - sin a~

(2.18)
h
R~~

h

Rf 

T + cos a
R 

= cos

Squaring both sides of each of the equations in (2.18),
adding , and then solving the resulting quadra tic equa tion for
sin aR gives sin a~ = S

T 
and sin aR = SR where S

T 
and

quantities worth defining separately,  are given by

1

__________ 

(2.19)

“2R \2
- -L ~ I! ~ 1- 

2Rf 
- 2R f~~~ r)

where r is the s lant range ,

r = ~L
2 + (~~ )2 (2.20)
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and ~h is the vertical 
terminal difference,

(2.21)

In terms of these quantities, we have the direct path delay
and amplitude given , respec tively, by

= - L. - _1.
[i 

+ _ S ~.][sin
1(S

T)~
f Sifl (SR)]

(2.22)

i i ST
a1 $4LSR 

d L

The amp litude can be determined directly in terms of the
geometrical parameters, hT, hR, etc. Substituting the ex-

pression for ST 
and SR into the expression 

for a1, we obtain ,

after some manipulation, the result

= 

- 

I + 

2 2 
(2.23)

- (k) + (*)~d~ (i-)
This is quite reasonab ly approximated by the expression ,

/ \ 2~~~~
1 ( r \ r

1 
+

k2R )L~~~~
ai r  ‘

~ 2 
(2 .24)

i+ 
r~~~L
2R /L~~~

which is the expression we have used in our programs.

It should be pointed out that (2 . 24) takes into account
larger values of ~~~~~ than the expression used to generate re-
suits in an earlier report under another contract. The

earlier approxima tion , a1l~ L~~- , which was appropriate 
for

earlier app lications , is inappropriate for the extreme
geometries of the links encountered in the current study .
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2.2.2.2 Calculation of Multipath Quantities

Since the direct path delays and amplitudes are directly
calculable from the expressions just derived , we now take the
second step toward determining the relative multipath delays
and amplitudes in (2.7) and (2.8); we now calculate the delays
and amplitudes of the rays refracted by the atmospheric layer.
As discussed before , we are interested in both of the situations
illustrated in Figure 2.5. Condition “A” in the figure , which
is ~1ustrated in more detail in Figure 2.6, has been treated
in earlier reports. We will treat it briefly at a later point
in this section , but our trea tment will  be limited to presenting
(not rederiving) the earlier results in the formalism adopted
here and to a few comments on the advantages of looking at the
problem in this new way . Of particular interest in this regard
is an inquality that we generate in Section 2.3.3 which demon-
strates the limitations of the condition “A” results when
try ing to apply them to links with a large vertical separation
be tween transmi tter and receiver , e.g., the Hohenstadt-Zugspitze
link in Germany .

Our primary intere st here is in condition “B” of Figure
2.5 which is illustrated in much more detail in Figure 5.7.
This is the case wherein one of the terminals is in the layer,
a likely situation if there is a significant difference in the
terminal heights.

To analyze this case , we ref er to the geometry and nomen-
clature of Figure 2.7. The problem is primarily one of
analyzing the system geometry to determine path delays and
power loss in terms of the transmit and receive angles 6~ and

or , equivalently, in terms of the normalized parameters
kT and kR , which are defined according to

k L  —

sin = (2 .25)

Sifl 8
~~~

= -
~~~

’
~R 

(2.26)

where L is the ground range between transmitter  and receiver ,
R is the radius of curvature of the ray in the layer , and Rf
is the radius of curvature of the ray in free space. The radii
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are related to the modified refractive index gradients g0 of
the free space below the layer and g1 of the layer through

1
g0 

= ~~~~
— (2.27)
f

and

1g1 
= - (2.28)

They are related to the unmodified refrac t ive index gradients
through the earlier expression in Figure 2.8. In terms of g0
and g1 and the reference level refractive index, m0, it is
helpful to define a free space index:

= m
0 

+ g
0
z (2.29)

and an index applicable to the layer given by,

ML 
= m

0 
+ g

0
h~ + g

1
(z~~h~ ) (2.30) 

—

We now turn to the geometry of Figure 2.7. A simple
examination gives the following results:

L1 
= Rf 

sin 8
1 

- Rf 
S1~fl 8

T (2.31)

L
2 

= 2 ( R + R f) 
sin 

~l 
(2.32)

L3 
= R sin 81 + R sin 8~ 

(2.33)

The section L 2 can be repeated n times, resulting in a total
ground range ,

L = L 1 + n L 2 + L 3 
(2.34)
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Keeping in mind
R
our goal of expressing all quantities

in terms of 8~ and eo, it is easy to determine from (2.31)
and (2.34) that

R TL - R 5 i f l 8
0 + R f

5~f l 8
0Si.fl 

~l 
= 

(2 + l) ( R + R ) (2.35)

Examination of Figure2.7also yields two relations that will
be essential in the later development . These are:

h
L

= h
T

+ R
f

cos 9
~~

_ R
f
cos Dl (2.36)

and

= h
R 

- (R cos 8~ - R cos e~ ) (2.37)

We recall that the de lay for each multipath ray is found simply
by performing the integral of refractive index along the path.
The calculation is facilitated by noting the useful relations
listed below which give the variable height z of any point
along the path.

• In Region 1:

z = h
T + Rf 

cos - Rf COS 0T (2.38)

• In Region 2’:

z = hL + R(cos 8-cos Oi) (2.39)

• In Region 2”:

z = h
T 

+ Rf (cos 8~~- cos o) (2.40)
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• In Region 3:

z = hR 
- (R cos 8~~- R  cos 8) (2.41)

Substituting these expression in (2.29) and (2.30) and
then performing the angular path integrations of refrac tive
index over each of the ray segments in Figure 2.5 and dividing
by c , we obtain

= ~~~~~~~e~~- sin e~) - 

~~~ (MFO 8
~~

- sin e~ )
( R + R f)+ (2n+l) 

~ 
(MFO O1 - sin 81) (2.42)

where is defined as ,

= m~ + g
O
h
T 
+ cos (2.43)

Thus , from (2.35), (2.42), and (2.43), we see that the delay
to be associated wit~ any mj~ltipath ray depends on the transmit
and receive angles A~ and 80, respective ly.

Having determined delay as a function of 8~ and 8~ , we
now turn to the calculation of power. This result is obtained
by considering the fundamental intensity law for ray optics
as described earlier. The result is given by

T Tcos 8
~ 

d9
0

L sin

where ~ is the power factor , i . e . ,  the ratio of received to
transmitted power.

This comp letes the representation of delay and power
factors as functions of transmit and receive angles. Before
writing these results in terms of the more useful dimensionless
parameters in (2.25) and (2.26), we note that g0h~ in (2.43) is
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is an extreme ly small quantity. In fact, examination of (2.42)
and (2.43) reveals that we can rep lace m0 + g 0b.~ with unitywithout incurring error . Thus , using

1 + cos (2.45)

and (2.35) in (2.42), and (2.25) and (2.26) in (2.42) and
(2.44) , we obtain

Q(kT,kR) 
= + -

~~~~~~ (2.46)

for the power factor, and

r ( k
T ,k

R
) = ~~~~~~~~~~ [~ +~~1 -(

~~~~~
]- 

~~~~

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ _ _ _ _ _

+ (2n+l)( f) I5mn
_ l

~~ l~~ 
,k)][l ÷~~i (~~~~~

]

(2.47)

for the delay. In this expression ,

_ _ _ _ _

/ k +ç\
= 
(2n+l)(R+R f)~~~ 

- 
T (2.48)

is just sin ø1in (2.35).

We have now arrived at the same point in the multipath
analysis that we were at in the direct path analysis after
(2.16) and (2.17). It remains to determine the transmit and
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and receive angles (equivalent to determining k.1, and k ) .  This
was qui te simple for the direct path , but is more comphcated
here. As in the earlier case , however , we start by appealing
to the geometry .

From (2.36) and (2.37) we have the constraining equations,

= h
T 

- Rf(cos 81 - cos &~~) (2.49)

= h
R 
+ R (cos 01

- cos e~) (2.50)

which must be solved simu ltaneously for and 8~ , i.e., for
and kB. The solution is facilitated by using the expansion

1 . 2 . 2 l i . 4  .4
COS 

~l 
- COS = ~-(sin 8o 

- sin + -
~ Iksln 81 

- sin °
~~

) +

(2.51)

In this expansion we note that the ratio of the magnitudes
(last term to first) is given by

~~(sin
2 
8
0 + 

. 2 e
~) 

(2.52)

which will be entirely negligib le for the small angles occurring
on LOS links. Consequently, we can drop all terms but the
f irst , getting

= h
T 

- ~~ ~~~~~~ O~ - sin2 e
~) 

(2.53)

h
L 

= hR + ~ (
sin

2 
&~ 

- sin2 
~l)  (2 . 54)

Substituting from (2.25) and (2.26), and using (2.35), we
obtain , af ter some mani pulation , the two equa tions
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2 2  2kRP 
- k,~, 

= A (2.55)

k~p2 
- ( k -  1) 2 8 + k~ = -S (2.56)

where
Rfp = —

~~~~ 
(2.57)

k
T

+ k
R

= 2 (2.58)

r 18R fA = 

L~~
_ h T) - P (hR

_ h
L ) ]  —

~~
-- (2.59)

= 
[(~~~

-h
T

) + P(hR
-
~~~)] (2.60)

and

B = —5 (2n+l)
2 
(R+Rf)

2 
(2.61)

Rf

Tedious manipulation of (2.55) - (2.61) indicates that the
set of solutions to (2.55) and (2.56) can be found by solving
a quartic equation for y and then using either (2.55) or
(2.56) to determine x. The quartic equation is given by

y
4
+ay

3 + b y
2
+ c y + d = 0  (2.62)

where

a = 4(l+p
2G) I (p 2

G
2 
-1)

b = [~~ (p 2 _ l ) - 2p2G
2 ( P + 2 )  + (P-Q)]/[G(P

2
G
2
- l)]

2 2 2 (2 .6 3)
c = 4[(Q

_ P) - P C(P+2)] /[G(P C _ l)]

d = [P
2G (P + 2 ) 2 

+ 4(P-Q)]/[G(P
2
G
2
- l)]
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and

p = ~ _~_ _
B
n

( A + S )

2p 2

B (A- S) 
A -

Q 
= 

4 
- (2.64)

p 2 (B -1) - 1

G =  
2p 2

As it happens , quartic equations are the highest-order
equations for which general solution formulas exist. The
existence of these formulas indicate that the prob lem is, in
essence , comp letely solved by (2.57) - (2 .63) , and does not
require recourse to iterative numerical procedures. Addi-
tionally ,  it provides us with a means (by putting constraints
on the coefficients) of determining inequalities which govern
the existence of multipath on any given link . This topic is
discussed in Section 2 . 2 .4 .

It is of interest to examine the dependence of (2.61) on
n. Recall from Figure 2.7 that n can be thought of roughly
as the number of times the ray reenters the layer after its
initial entry. For any given link , some consideration of
Figure 2.7 reveals that increases in n require greater bending
properties of the layer , i.e., larger lapse rates of the re-
fractive index gradient. From our earlier discussion in
Section 2.1, we know that the larger lapse rates are less
like ly to occur in nature . In fact , it has been our experience
in examining several links that large lapse rates are required
in order to produc e multipath in the minimal reentry case
when n=0. Thus , we are already at the low end of the proba-
bility scale when we consider the n = 0  case for practically
all links of interest. -

It should be pointed out that there are some situations ,
themselves improbab le , where n >0 could be of importance.
This situation arises when the layer is so configured that
the receiving and transmitting terminals are both very close
to the layer interface. A limiting case occurs when the layer
interface coincides exactly with receiver and transmitter.
In thi s case , the ray can skip in and out of the layer an
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unlimited number of times with neg ligible bending provided
by the layer. This is a zero prob ability circumstance , of
course.

It is a simple matter to determine from (2.61) and (2.64)
that G = p~~- when n~~0. In such a case , the division by
p2G 2 l in (2 .63)  is not allowed and the equation to solve
i 3  a cubic

y
3
+ b

2
y
2 + b

1
y + b

0
= 0  (2.65)

where

b - 
4(p 2 - l )  - p ( Q + P + 4)

2 
- 

4 (p + l )

b = 
4[p (Q - P) - p2(P+2)] (2 66)1 4(p+l)

and

b - 
p 2 ( P + 2 ) 2 

+ 4p(P-Q)
0 

— 

4(p +l)

Formulas for solving (2.62) and (2.65) are given in [2. ] .

Note that the existence of the two simultaneous equations ,
(2.55) and (2.56), which relate kT and k,~, can now be used to
derive an analytical expression for the power factor ~ in
(2.46) by allowing evaluation of the derivative . Manipulating
(2.55) and (2.56), we obtain

~p k  —

~ ~ 
R (A+S) - 2LA(k - l)

T 
= 

f l\  L (2.67)
k B  2

k - ‘
~
‘

T n~ R “~0
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where

Q0 = (p 2 + l ) k RkT + (p
2k~~+ k~~) - 2(k T +p 2kR) (2.68)

and

k + k
~ T R (2 .69)

The analytical development is now complete. The transmit
and receive angles can be determined by solving the quar tic
(2.62) or the cubic equation (2.65); and by substituting the
solution back into the constraining simultaneous equations
(2.55) and (2.56). With a set of values so determined , the
amplitude and the delay for the corresponding path can then
be calculated from (2.46 ) and (2.47).

2.2.3 Inclusion of Layer Tilt into Model

The analytical resul ts presented in the previous sections
correspond to the physical situation wherein the refractive
layer is perfectly horizon tal with respect to the groun d .
This is not always the case. Tha t layers are subject to
tilting has been reported in the literature . The experimental
data is limited , but these limitations are not due to absence
of the phenomena; they exist primarily because of the diff  i-
culty in measuring layer tilt. It is clear that, if measure-
ments of layer tilt with concurrent measurements of refractive
index gradient are to be made , one must have the services of
at least three neighboring radiosonde stations working in
close conjunction with one another. Because of this , data on
layer til t is extreme ly sparse. Gossard [2.17] has presented
some limited estimates that derive from his study of refrac tive
layers perturbed by waves. Because of the indirect manner in
which these es tima tes we re derived , they have not been deemed
sui tab le for inc lusion here . If one is will ing to make the
assumption that the refractive layers derive entirely from
fron tal inversion s*, one can use the data of Kerr [2.18] who

*Fron tal inversions are known to be a causa tive mechanism ,
but are not thought to be the sole mechanism (see Section 2.1.2).
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has pointed out that wave fronts have tilt slopes ranging
between 0.0033 and 0.010 , corresponding to an angular range
of 0.190 to 0.573 degrees . For lack of more definitive data,
this is the data that we have used in our calculation when
deemed appropriate .

Layer tilt is less important on the shorter links than
on the Linger links. Recollection of results (condition “A”
only) presented in an earlier report [2.13] and some simple
geometrical reasoning indicates why this is so. Earlier
results indicated that multipath was only important when the
layer was in close proximity with both terminals . When the
layer moved away from one terminal or the other , the rnultipath
spread would decrease. For our purposes here , we simply note
that the multipath condition depends sensitive ly on the posi-
tion of the layer relative to both terminals . Tilt of a
refractive layer over a short link does little to change these
relative positions . Over a long link , however , the effect can
be dramatic . For more details , the reader is referred to our
coverage of the 100-mile Hohenstadt-Zugspitze link discussed
in Sect ion 2 .4 .1.

The basic work on determination of delays and amp litudes
has already been done , and the phenomenon of layer tilt has
been incorporated into our mode l via some straightforward
coordinate transformations. For the most part , these coordi-
nate transformations reflect the changes in relative posi-
tioning of the terminals and layer interface due to layer tilt ,
as discussed in the previous paragraph.

The tilted layer configuration is illustrated in
Figure 2.10. Were the tilted planar interfac e to stretch
to the ground , the line of intersection between it and the
ground plane would be perpendicular to the vertical p lane
containing the transmitter and receiver. (Consideration of
a more comp licated geometry at this time would only confus e
the issues.) The layer is seen to tilt at an angle 0 rela tive
to the earth. It is reasonable to assume that the tilt app lies
to the refractive index profile just below the layer interface
as well as i... does to the layer proper. As a consequence of
this , one is able to effect a coordinate transformation that
ultimately enab les computation of the multipath profiles for
various value s of layer heigh t hL ,  refractive index gradient C,
and layer tilt slope S. As inputs to the called subroutines ,
however , one uses the transformed quantities
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Figure 2.10 Geometry of Layer Tilt
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= h
L cos 0

h~ = r sin $ (2.70)

L’ = r cos $

where

r + h~

and

= tan -j
-- - (2.71)

It is interesting to note that fading on some links (e.g.,
the Hohenstadt-Zugspitze link) would be unexp lainable via the
mechanism of refract ive mul tipath in atmos pheric layers were
it not for the fact that layers sometimes tilt. As it happens ,
the layer tilt angle is a variable of major importance for links
with extreme geometries.

2.2.4 Bound on Refractive Index Gradient

To determine the appropriateness of utilizing the condi-
tion “A” results derived under an earlier contract [2.13], it
was decided early on in this program to find ou t if the geometry
of longer links (with a large vertical separation between
transmitter and receiver terminals) implied a requirement of
extreme ly large lapse rate in order for multipath to be sup-
por ted on the l ink . As we demonstrate be low , this turned out
to be the case , a fact that was the prime motive for developing
a set of equa tions tha t governed condi tion “B” . Because of
time limi tations , our investigation was limited to the case
where in the layer is horiz ontall y situated relative to the
ear th.

Th e curr ent develo pment has the advan tage of providing
a method of app roa ching the gove rning s imu ltaneous equa tions
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in such a way as to determine the re alness (or comp lexness)
of the roots to the system . Realness of roots is required ,
of course , in order to have multipath. The conditions
governing the realness of the roots are identical to the
conditions which indicate whether or not mult ipath exists on
the link . It is felt  that a powerful approach is available

— here for determining the ranges of parameter values which allow
multipath on the link . Unfortunately ,  we have not been able to
pursue this question in depth.  The development here is limited
to determining the bounds on lapse r ate unde r condition “A” ;
this course was pursued for the reasons stated above . One
germane conclusion here is that lapse rates exceeding those
occurring in nature are required if multipath (under condition
“A”) is to be supported on some of the “extreme ” geometry links ,
e.g., the Hohenstadt-Zugspitze link.

Our development is initiated by applying a change of
variables (that preserves the realness or complexness of the
roots) to the set of simultaneous quadratic equations governing
propaga tion under condi tion “A”. We apply the change of
variables

u = v = (2.72)

to the system of equations (see [2.13, p.C-li)

- = A (2.73)

x
2 

- ~~ (x+Y l)
2
+ y

2 
= -S (2.74)

to get

uv (2.75)

(u+v)
2 

- j~
— (u - i ) 2 + ( u - v) 2 

— -S (2.76)

2-45



In these expressions we have used thc condition “A”
definitions:

B = ( n +l ) 2 
(l+

~~~
)

2 
( 2 . 7 7 )

A = 8 R f
(h
R

_ h
T

)/L 2 
(2.78)

S = 16 Rf (h -h)1L 2 (2 .79 )

where Rf is the radius of curvature below the layer , h is the
layer height , and h is the arithmetic average of receiver
height hR and t ransmit ter  height hT.

We are interested in the conditions that must be met in
order that there be a pair or real roots , x and y,  i . e . ,  a pair
of real roots , u and v .  Assuming a real solution for v , we
must also have a real solution for u. Evaluating the discri-
minant of (2.76), we obtain the inequality

B (v
2
+~~) 

- 1 ‘B -1 
(2.80)

n

With the aid of the trivial inequalities

~ 0 (2.81)
B � l
n

we get

B (
~

) - 

~ B -  i 
(2.82)

which , after more manipulation , y ields

-

~~~ 

+ 1 (2.83)
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Substituting (2.77) and (2.79) into this expression , some
further manipulation gives

n 

~ (l+~~
)
~~~ 

+ 8R f
(h~~~) 

- 1 (2.84)

Thus , in terms of the geometrical parameters of the link (L and
h) and the physical parameters ol the direct path atmosphere
(R f ) and the layer (R and h ) ,  we have determined a bound on
n , the number of excess passages through the layer (see
Figure 2 . 6 ) .

In order for multipath to exist on the link at all , the
right-hand side of (2.84) must be equal to or exceed zero . We
get, after some manipulation , the inequality

Q(R)  � 0 (2.85)

where

Q(R) = 
8(~~)R

2 + (l6~ )R - L2 (2.86)

and ~ = h - Ii. This expression increases monotonically with R.
Thus, for a positive root i~ of the quadratic equation Q(R) = 0,
the inequali ty

R ~ (2.87)

must hold if the inequality (2.85) is to hold (which it must
if multipath is to exist on the link); the inequalities (2.83),
(2.84), (2.85), and (2.87) are all inequalities that must be
satisfied for multipath to exist on the link . Thus , (2.87)
providos us with the upper bound on R , the radius of curvature
of the n y  in the layer. Solving for the positive root of
(2.86), w~ get
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R � R (2.88)max

where

R = R
f 

[

~~l + 8 ~ 
- (2.89)

The ray cannot curve in an arc to less a- degree than indicated
by (2.88) and (2.89) if multipath is to exist on the link. Thus,
the bending requirement of the layer , if it is to support multi-
path , is f i rmly established. The reader will note that this
puts a boun d on refractive index gradient; i .e . ,  the lapse rate
of the layer must exceed some value corresponding to (2.89) if
multipath is to exist on the link. The relationship betwen R
and the lapse rate 4 is given by

— 
.62139 x io6 2 90
2-156.78 

. )

where R is in miles and 2 is in Nu/km . When 4 is in excess of
156.78 Nu/km , it is clear from this relation tha t R decreases
with increasing lapse rate . From (2.88) we see that R obtains
a value small enough to support muitipath on the link when the
inequality

6
4 � r~

62l39 x l0 + 156.78 (2.91)

I I
~ 

L~ 1Rf~~~ ~~8Rf~~~

is satisfied.

Curve s i l lustrat ing the lapse ra tes required to allow
miltipath on different links are shown in Figure 2.11. We see
that the lapse rate requirement rises sharply as ~ increases ,
i .e . ,  as the layer rises .

The curves in Figure 2.11 have important implications
relative to the limitations of the condition “A ” model. Recall
that the mode l requires that the layer be above the highest
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r ~~~~~~~~~

terminal (chosen without loss of generality to be the receiver) .
Hence ,

= h - 

h
T 
+ h

R h
R 

- 

h
T 

+ h
R 

= 

h
R 

- h
T 

(2.92)

Thus, the lapse rate requiremen t for any given link is seen to
increase as hR -h T increases. In fact, the limitations of the
condition “A” model can be determined by rep lacing ~ with
(hR -hT)I2 in Figure 2.11, e.g., for hR -h T = 200 on a 200-mile
link , we see that a lapse rate of 680 Nu/km is required in
order for the condi tion “A” LOS mul tipath model to give rise
to multipath. In view of data in [2. 1 and [2. 1, this is
an extreme requirement .

For the 100-mile Hohenstadt-Zugspitze link in Europe, the
requirement is even more extreme . Examination of the link
geometry gives

h -hR T 
= 3511.16 feet (2.93)

which , when used in (2.91), indicates that a lapse rate in
excess of 872 Nulkm is required for the earlier model to
produce mul tipath on the link . Clearly,  the condition “A”
multipath model is unsuitable where such extreme vertical
separations of transmitter and receiver are encountered.

On a worldwide basis , the measurement of refractive index
lapse rate has been going on f or several years. As far as

— we have been able to determine from our study of the literature ,
the inequality in (2.91) constitutes the first and only
“existence ” condition (in terms of refra~tive index lapse
rate) for multipath fading on LOS links. Since it is not
one of the stated goals of this contract , time limitations
have prevented us from attempting to determine the “existence”
condition for condition “B” of Figure 2.5. It is expected
that the analysis would be more difficult , but would proceed
along the same lines developed here .

*Other “existence” conditions related to different quantities ,
e.g., path length , layer thickness , have been presented in
earlier CNR reports [2.131.
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It is of interest to determine the lapse rate requirement
when n , the number of excess passages through the layer,
exceeds zero. Such a condition corresponds exactly with the
condition that the total number of ray paths is greater than
three , as discussed in connection with (2.62) through ( 2 . 6 5 ) .
An analysis similar to that described above indicates that the
lapse rate requir ed to result in n excess passages is given by

.62139 x io6
— 

~~~~~~~
[

~~
I

~~~~

+
8~~~~~A 

- (n+l)]

+ 156.78 n > l

Since the right-hand side of this expression must always
exceed 156.78 (if multipath is to exist at all) we see that
a larger lapse rate is required if extra passages , and hence
extra ray paths , are to exist. Since large lapse rates are
invariably less probable than small ones , we conclude that the
existence of more than three paths is less probable than the
existence of just three. In all but a few anomalous situa-
tions the difference in probabilities will be substantial.
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2.3 System Parameters

In this section we categorize and describe the various
system parameters of importance under this study.  All  of
these parameters derive from the time-varying channel transf er
function -T(f ,t) and serve to bridge the gap between the physical
parameters describing the propagation channel and the quanti-
tative measures of system performance. Theoretically,  one
need only know T(f,t) to evaluate system performance. In
practice , one (or both) of two conditions obtain :

(1) Not enough information about the propagation
channel is available to precisely reconstruc t
T(f ,t);

(2) In the event T(f,t) is available , it is
difficult to use it in its unmodified state .

One is forced to consider finite parameter characterizations
of the channel. The whole topic of models for random time-
varying channels (including reductions to finite parameter
models) has been discussed comprehensive ly by Bello [2.191.
In this report we represent signal degradation in terms of
the T-parameters and P-parameters , a development motivated
primari ly by condition (2) above . The T-parameter represen-
tation is of a general nature , whereas the P-parameter charac-
terization arises because of the emphasis here on ang le
modulation .

Two of the parameters mentioned above , because they have
classically played a dominant role in providing a physical
description of the channel andlor in providing a means whereby
one can gauge system performance , are given a separate treat-
ment in Section 2.3.1. These are T0 and P1; the magnitude of
T0 is known c lassically as the fade level (at band center) and the
nega tive of P1 is known as the group delay (at band center).

Because characterization of frequency-selective fading
genera l ly requires a greater number of parameters than the two
mentioned above , Section 2.3.2 is devoted to 2 general dis-
cussion of the T- and P-parameters. The ir importance relative
to the distortion of angle-modulated signals is emphasized.

In Section 2.3.3 we return to a closer look at fade depth
and group delay ; we use the accepted form for the channel
transfer function on LOS refrac tive multipath links [see (9)]
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and examine the joint behavior of these parameters during a
dee p fade . We make the importan t observation that the largest
excursions in group delay can only occur during a deep fade
an observation that will take on much greater importance when
we later consider diversity switching in Section 4. Addition-
ally,  we derive an expression whereby one can determine those
frequencies at which the deepest fades occur.

2.3.1 Fade Depth and Group Delay

A time-vary ing communication channe l can , in general , be
represented by a transfer function T(f,t ) whi ch provides a joint
depiction of the frequency-selective and time-selective behavior
of the channel. In this section we discuss two of the most
important parameters associated with T(f,t). These are :
(1) the fade level which is just the magnitude of T(f,t); and
(2) the group delay which is the frequency derivative of the
phase of T(f ,t). The quantity T(f ,t)~~, when evaluated at one
particular frequency (e.g., the carrier frequency), is the
common ly referred-to fade record , a function of time giving
rise to variations in the received signal level. When evaluated
at one particular time instant , a “snapshot” of the frequency
transfer function is obtained. In this section we are inter-
ested in characterizing the frequency-selective behavior of
the channel and , for that reason , will concentrate on the
latter point of view .

For our purposes , it is of interest to consider the channel
transfer function written in the general form ,

T( f ,t ) A ( f ,t) 
je(f ,t) 

(2.94)

At a particular frequency and time , we refer to the fade leve l

L( f ,t) = T(f ,t)~ (2.~~5~

which is just the channe l transfer function magni t-. - lr~ ~ -

this is given by

LdB
( f ,t ) = 20 1og 10~T( f ,t)’

2 — 5 ~
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a) Actual System Configuration

j e (t ) j y ( t )  j y ( t)

b) Equivalent System

Figure 3.3 Block Diagram Showing Signal processing Elements
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cp(t) ~ + ~ (2i 
- 3) (3.46)

As the conversion between reference frames is always a known
phase shift, this apparent source of confusion should cause no
conceptual difficulties. Thus we let 6(t) denote the (phase)
response of the BPF to the transmitted phase ~(t). The relation-
ship between these quantities is

8(t’ t ~~~ 
h( t )  *sin ~ (t) 3 47a h( t )  *cos ~ (t)

where h ( t )  is the low pass equivalent impulse response of the BPE
(This is valid under the assumption that h ( t )  is real , corres-
ponding to a symmetric bandpass f i l te r . )  The (phase) response of
the channel ~ (t)  may in turn be written in terms of 8(t) using
the p series discussed earlier :

y ( t )  = 9(t)  + p 1~ (t) + p2~8(t) + ~ p38~ (t) (3.48)

In the computer evaluation of performance, values of 6(t)
are obtained by numerically performing the convolutions in the
numerator and denominator of Eq. (3.47) for the phase waveform
of Eq. (3.46). Derivatives of 6(t) required for calculating y(t)
from Eq. (3.48) are evaluated by standard numerical procedures.
That is ,

— 
e(t +)~ -8(t) 2 (3.49)

~ 6(t +~~ - 26(t) + 9(t 
~~ (3.50)

If multipath had no effect on the extraction of reference by the
receiver, the relationships presented so far would be sufficient
to calculate modem performance. However, this is not the case
and we must investigate the effect of multipath on both the
derived phase reference and the derived symbol clock.
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The PLL ’s shown in Fig. 3.3 function as narrow band filters
which pass only a discrete component at the appropriate fre-
quency. Since the bandwidths of these loops are usually very
much narrower than the system bandwidth, we will neglect all
noise effects and model them as having zero-bandwidth. Thus we
have the following transfer functions for the zonal filters at
8f0 and 8f1

H0(f) = ö(f - 8f0) (3.51)

H1(f) 
= ö(f - 8f1) (3.52)

Here we are assuming a center frequency 8
~c

• The only component
in the output of the eighth law device which will have any effect

• is also that at 8
~c• 

Neglecting gain factors, this component
will have complex envelope

z(t) = ej8~~
t) ( 3 5 3)

Proceeding in a straightforward manner, the respective filter
outputs become

j[8y(r) - 2ff8f0T1 j2lT8f
e d~r ~e (3.54)

and

j[8y(r) - 2ir8f ~ ] j2,i8f tr e dT e (3.55)

Since no amplitude effects are retained by the PLL, these expres-
sions may be further simplified to

j2ff8f0t +e (3.56)
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and

j2,r8f
1
t +

e (3.57)

where the phase shifts are given by

..j L sin [8y(’r) - 21r8f0T] dT

= tan (3.58)

S cos [8y(r) - 2tT8f0TJ dT

L sin [8y(r) - 2,r8f1r] dr
= tan (3.59)

S cos [8y(r) - 2~8f 1’r] dT

Now we must describe how the four integrals appearing in
Eqs. (3.58) and (3.59) may be computed numerically. For concrete-
ness, we consider that in the numerator of Eq. (3.57), although
all four are handled in an identical manner. First, we break
the interval of integration into one baud intervals:

rkT+ 1+ i2 g

5 cos [8y(t) - 2w8f1t1 dt 
= E J cos [8y(t) - 2i~8f0t] dt

-~~~ k kT_ ~~~+T g

(3.60)

where 1g is the group delay of the receiver bandpass filter H(w).
This filter is designed with minimal distortion; in particular ,

over the interval (kT - + kT + + Tg) the filter output
phase waveform will depend only on the pair of frequencies trans-
mitted during the intervals (kT-T,kT) and (kT,kT+T) and the
transmitted phase at time kT. It can easily be shown that all of
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the eight equally spaced phases allowed at kT give the same value
for the integrand in question. Thus, the integral in Eq. (3.60)
will take on exactly 16 distinct values corresponding to the 16
possible combinations of preceding and succeeding frequencies.
In considering Eq. (3.60) we must recall that the summation over
an infinite number of T sec intervals is a mathematical fiction
arising from the fact that we have assumed zero bandwidth for
PLL. In fact, the summation will include a finite but very large
number of T sec integrals. In this summation, each of the 16
distinct values for the T sec integral will occur with equal
probability, assuming a random data sequence. The number of
terms in the summation will be large enough that we may neglect
variations of the number of each distinct type about its expected
value. Thus the final value of the summation will be propor-
tional to the average of the 16 possible values for the basic T
sec integral. Thus, in calculating Eq. (3.60) we will simply
calculate and sum the 16 distinct values taken on by the integral
appearing on the right-hand side. This involves, of course, cal-
culating the actual value of y(t) in the presence of multipath
using Eqs. (3.46), (3.47) and (3.48) for each of the 16 fre-
quency combinations. In this manner the integrals appearing in
Eqs. (3.58) and (3.59) are numerically evaluated (to within a
proportionality constant) and ‘1’o and are calculated .

Having obtained ‘I~0 and 
~l’ 

we note that phase error in the
symbol reference is ~‘o - ‘I’l’ so that the actual sampling instant
is given by

~
ul

O~~~~~ l
= 

2i~ 
T (3.61)

Thus , due to the timing error, y(O) in Eqs. (3.41) and (3.44)
must be replaced by y(t5) in calculating the error probability.
However, an additional term arises from the derived phase
reference:

j2nf0t +e (3.62)

where I’(~ is simply ‘I~o/8. Replacing t by t5 [from Eq. (3.61)]
and f0 ~y its value 

- 3/16T gives the phase of the reference at
the sampling instant :
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0ref 
= 16 (3.63)

Now we may rewrite Eqs. (3.41) and (3.44) to include the effect
of the derived phase and symbol references:

1~~+ ( k - i - 1) 8 o - v ( t ) + Q f lPA(j,k) 
= I - S re (3.64)

1v(t ) - f + - (k j +l)eo l
PB(j,k) = 1 - S re j (3.65)

Actual error rates are calculated from (3.45) as before.

3.2 Receiver Performance Over Multipath Channels

3.2.1 Channel Selection

Section 3.1 above has described the analytical basis for the
computer software which has been developed to calculate perform-
ance of the two modems of interest in the presence of multipath.
In this section we present results obtained with this software
for the Hohenstadt-Zugspitze link. In obtaining this data, it
was desired to consider a wide range of multipath conditions
which could exist on this link. This has involved two processes
of selection which will be described before proceeding to the
actual performance results. The first selection process is that
of selecting a set of physical channel parameters for which to
calculate the path structure. Given the path structure, in the
form of amplitudes and relative delays, one must then calculate
the parameters which characterize the communication channel at
various fade depths .

The multipath structure of the Hohenstadt-Zugspitze has been
discussed in detail in Section 2.4. In selecting channel condi-
tions, we have taken sample points from each of the multipath
profiles illustrated in Figs. 2.16 to 2.18. The layer height
samples are given approximately by
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l b  -hmax mmhL 
= hmin + 4 n 1,2 ,3 (3.6b)

where hmjn is the smallest layer height resulting in multipath
for a given layer tilt and hmax is the largest. This scheme is
illustrated in Fig. 3.4 where we have numbered the cuts according
to the value of n in (3.66). This numbering, accompanied by the
exact layer heights involved , also appears on the error rate
curves to be presented later in this report. For the refractive
index gradient the values -400, -350, and -300 Nu/km are used ;
these are in reasonable accord with relevant data [2.6]. For
each value of refractive index gradient the layer slopes given
in Table 3-1 have been used in the calculations. Not all combin-
ations of refractive index gradient and layer slope result in
multipath, however. All of the multipath profiles resulting from
those combinations that do support multipath have been illustrated
earlier in this report and have been sampled in the manner illus-
trated in Fig. 3.4. This results in consideration of 27 distinct
channel conditions . This approach via the propagation software
provides us with the discrete set of amplitudes and delays that
have been used in the simulations described below.

• Given a set of path delays and amplitudes obtained in the
manner described above, phases must be determined for each path
which will result In a deep fade. Referring to Section 2.3.2, it

• has been shown that for a set of N amplitudes (aj) and delays
(~~~

) the first three terms in the frequency power series model
for the channel transfer function are given by

N

• 
T0 

= f3~ (3.67)

N

i=l 
(3.68)

T2 
= 

~~ 
~~~ 

(3.69 )
i=1

where is the complex amplitude
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TABLE 3-1

VALUES OF LAYER SLOPE USED IN CALCULATIONS
AND CORRESPOND ING LAYER TILT ANGLES

Layer
Layer Tilt  Angle
Slopes (Degrees)

.003 .172

.004 .229

.005 .286

.006 .344

.007 .401

.008 .458

.009 .5156

.010 .573
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I
-J2irf~~ i~i.= a~e = a1e (3.70)

and ~ij is the delay after subtraction of the mean delay

= 

~i 
- 

~o (3.71)

The value of T0 gives the fade depth at the center of the frequency
band. For a deep fade the value of T0 will be quite small com-
pared to the magnitude of the vectors 

~~~j. 
This situation is

illustrated in Fig. 3.5 for the case N=3 which is of interest
here. From this figure it is clear that when T0 is small, small
variations in either the magnitude or angle of the $j’s can
produce significant variation in both the magnitude and angle of
T0. On the other hand , these small variations in the nj’s will
not greatly affect T1 and T2 as given by Eqs. (3.68) ‘md (3.69).
Based on these considerations, the following procedure has been
used in calculating TO, T1, and T2 for a set of gains and delays:

1) Find the values of &j which give

T0 
= 0.

2) Use these values of to calculate T1 and T2.

3) Select the magnitude of T0 to give the desired
fade depth .

4) Allow the angle of T0 to vary over the range
(0, 21T). For each value in this range the
coef ficien ts 

~~~ P2 ’ and P3 may be calculated
and the software used to evaluate error prob-
ability. The error probabilities obtained in
this way are then averaged.

3.2.2 Baseband Modem Performance

For each of the 27 multipath conditions performance of the
baseband modem was calculated at three fade depths : 10, 20, and
30 dB. As the depth of the fade increases, frequency-selective
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effects become more pronounced . In other words , fading will be
“flat” (that is undistorted) for smaller fade depths and
frequency-selective (that is distorted) for larger fade depths .
At some fade depth distortion will reach the point where the
eye-pattern closes for certain symbol sequences ; when this happens
it will be impossible to obtain a satisfactory error rate regard-
less of the value of Eb/NO available to the receiver . This
behavior may be seen qualitatively in Table 3-2 which summarizes
modem performance for each of the channel conditions considered.
(In this table the three layer heights which were considered for
each combination of refractive index 4~radient and layer tilt
slope are lumped together for simplicity.) Selecting a gradient
and slope, one can look across horizontally and compare perform-
ance at fade depths of 10, 20 , and 30 dB. For relatively flat
channels the transition from flat fading to frequency-selective
fading occurs at very deep fades, while for more selective
channels the transition occurs for shallower fade depths . Since
fade depth is quantized to 10 dB increments ~~~~i this table, the
transition from flat fading to complete degradation is usually
abrupt. Individual performance curves on wLLlch Table 3-2 is
based are shown in Figs . 3.6 through 3.15. (Fi~ures in which
fading is entirely flat or completely dcgraded have been elimin-
ated , so that only ten curves rather than 27 are required.) In
each case the horizontal axis is the received Eb/NO and a flat
fading reference curve is shown with a dashed line. Thus the
degradation due to frequency-selective fading is just the hori-
zontal separation between the curve in question and the reference
curve.

3.2.3 IF Modem Performance

The performance of the phase-continuous FSK modem was eval-
uated for the same set of conditions for which the baseband modem
was evaluated . In making these calculations a bit rate of
27.648 Mb/s was assumed for equivalence with the baseband modem,
although the breadboard of the IF modem actually operates at a
bit rate of 27.275 Mb/s. As before, flat fading performance is
shown with a dashed line. In this way the loss in performance
due to frequency-selective fading may be compared between modems
even though the absolute performance of the two modems (in flat
fading) is considerably different. Table 3-3 presents a summary
of performance of the IF modem which may be compared with the
earlier table for the baseband modem . On the whole, the effects
of multipath on the two modems are remarkably similar . However,
a careful examination of the tables or of the accompanying figures
(3.16 - 3.26) shows that the FSK modem is somewhat less suscept-
ible to multipath than the baseband modem . As an example , Fig. 3.17
shows less degradation than Fig . 3.8; both ap ply to the same channel .
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SECTION 4

EFFECT OF FREQUENCY-SELECTIVE FADING ON DIVERSITY COMBINING

This section is devoted to an examination of frequency-
selective fading in a diversity context . In Section 4.1, the
propagation aspects are discussed. The emphasis is primarily
on space diversity, but some discussion of frequency divers ity
(including a rough rule of thumb for choosing the frequency
separation) is provided. A series of p lots provides a graphic
view of diversity operation in a refractive multipath environ-
ment and some interesting conclusions about the advisability of
certain diversity combining options .

Certain aspects of the tracking performanc e of modems
during diversity operation are discussed in Section 4.2.

4.1 Propagation Effects in Diversity Operation

In this section we present the results of exercising the
LOS software developed at CNR to determine the effects on diver-
sity operation of the frequency-selective behavior of refractive
multipath. In view of the complicated dependence of refract ive
multipath on several parameters (compounded in a diversity
context), this is a task of considerable scope . Nevertheless,
we have been able to generate, through a series of plots , an
information overview of diversity operation in a refractive
multipath environment and reach some important conclusions
about the advisability of choosing certain op tions for diversity
switching rules.

A first step on the road to obtaining the desired overview
is to develop a more general view of refractive multipath on a
single diversity channel. This was achieved early in this
program via the fade level contour diagram illustrated in
Figure 4.1. This figure was pieced together from 12 computer
plots and constitutes a dual presentation of frequency and
spatial selectivity (operating frequency on the horizontal axis
and layer height on the vertical axis). The layer height on
the ver tical axis is , here , unlike our earlier plots , measured
relative to highest terminal (receiver). The reason for this
is that our contour plots were computed before the mode l modi-
fication of Figure 2.5(b) which takes into account layer
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positions below the highest terminal. Thus , there is a gap of
80’ in considered layer heights corresponding to the vertical
region between transmitter and receiver.

For the situation described by the specified parameters
below the figure caption , each contour in Figure 4.1 depic ts
the combination of layer heights and frequenc ies that will
result in a fade to the depth with which each contour is desig-
nated. In our initial investigations under this program, the
software leading to Figure 4.1 was generated in order to allow
searches for deep fade loci over extensive areas in layer
height and frequency space . As we can see, the deep fade loci
are few and far between ; in fact, there are only five of them
appearing in Figure 4.1. Additionally, we note that the lO-dB
fade contours extend over a few hundred Mflz, whereas the 20-dB
fade contours are much smaller. This is in keeping with experi-
mental data poin ted out by Kay lor [4.1] who has noted that the

• sharp deep fade s occur during shallower fades tha t can extend
over a band approximately 400 MHz wide .

Figure 4.1 was generated using operating frequencies in
the 4-GHz band. We have performed similar computations for
the 8-GHz band because of the importance of the latter on mili-

• tary links. The results are illustrated in Figure 4.2 for
diversity receiver #1 (80 feet above transmitter), and in
Figure 4.3 for diversity receiver #2 (55 feet above the
transmitter).

An overlay of the two figures results in Figure 4.4 where
we show the 20-dB fade only. We see that there is no overlap
of the 20-dB fade contours. Although some are close , as with
the two pairs near 20 feet , the re will not be simultaneous
center-of-the -band fading below 20 dB on the two diversity
channels. It is interesting to note , however , that the nodes

• at 22 feet are separated approximately by 15 MHz; for a carrier
frequency half ~~~~~~ - ‘ -inbetween (~ 8.415 MHz), 

one space diversity
channe l may experii ce ~i 20-dB fade at the lower end of the
band , and the other a ~U-dB fade at the upper end of the band .
For the current  c~~u f i g ura tio n , the effect on a 14-MHz bandwidth
signal could be marginal. At greater bandwidths, it would
become important .

The overall impression of examining plots like those pre-
sented above is that the likelihood of simultaneous fades on
both diversity channels is very small (as it should be).
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In the earlier part of this program, we computed p lots of
fade depth vs. layer height, fade depth vs. frequency, group
delay vs. layer height, etc., for the physical situation used
to generate Figures 4.1 through 4.4. These were presented in
the monthly reports. Because an extremely large number of com-
putational results can be generated for any particular link, we
have , in our attempt to limit the number of curves presented
here , limited our cal:ulations to the Swingate-Houten link
spanning the English Channel and the Hohenstadt-Zugspitze link
in Germany . The curves presented below, however, are fur ther
reductions in that they represent “cu ts” of the contour plots
presented above (constant frequency, variab le layer heigh t or
constant layer height, variable frequency curves). Such curves
were presented earlier in Section 2, bu t are examined here in
the context of diversity operation on the links.

One of the reasons for the reduction described above is
that generation of the contour plots presented above is a rela-
tively time-consuming and expensive procedure for locating the
deep f ade loci. The other is that we have been able to devise
analytical techniques for reducing the amount of effort in
finding the deep fade loci. The main analytical result in
this context is that given earlier in (2.156). This result
states simply that , given the amplitudes and delays for any
probable multipath situation, one can determine the frequencies
at which the deep fades occur . Thus, one is able to determine
the lines in the two-dimensional layer height-frequency space
along which the deep fade loci lie. These lines, as determined
from (2.156), are presented as dotted lines in Figure 4.5.
They are seen to pass exactly through the deep fade loci.

It is of interest to examine a simplification of (2.156)
that is sugges ted by the approximate linearity of all the multi-
path delay profiles we have computed under this program; when-
ever three paths are present , the delay difference
between the multipath rays follows an approximate linear
dependence on layer height. To make use of this, we reproduce
(2.156) here for convenience:

1 2  í 2  2
I~~l 

-

+ cosi
— u 2a uL 2 3 

~ 
j~ .al ~~— 

2-’i~~ 
~~~ _~_ 5

This expression gives, for any layer height, the frequencies
at which the deep fade loci appear. We have already seen in
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the contour plots , e.g., Figure 4.5 , that the deep f ade loci
tend to cluster in groups of two. These clusters correspond
to the choice of n in (4.1) above. We now show, using the
linearity of the multipath delay profiles , that the frequency
separation of the clusters at any layer height can be repre-
sented in terms of two parame ters ~~(O) , the delay separa tion
at some convenient reference layer height, and hmax, the maximum
layer height supporting multipath. After examination of the
multipath delay profiles (e.g., Figure 2.41), it is a simple
matter to determine that

= ~~(0) (h -h ‘I 0 � h � h (4.2)
L h max L/ L maxmax

• Thus , the cluster s occur every Al Hz where

I h
A~0 _ I max ~ 1
‘
~~~~~h -h I~~~ ( O )

~~max L/

For the data used to generated Figure 4.2 *, ~~~‘O. 4 ns and
hmax S9• So , at hL =5 0 ’ the deep f ade loc i are 16.4 GHz
apart. The smallest value is at hL =O. There the loci are
2.5 GHz apart.

For this example, the implication is clear ; a plot of fade
level vs. frequency (constant layer height) will show deep
fades only once in extremely wide bands .

It is of more interest to examine the frequency width of
the fade contours in the context of our above discussion .
Consider a physical situation wherein the maximum layer height
supporting multipath is given by h1 and the reference height
delay difference is ~~i(O); compare this with another physical
condition of the link that is characterized by corresponding
values h2 and 

~~2
(0). If we make the reasonable (but rough)

assumption that the fade contour widths in frequency are in the
same proportion as the frequency separation between the deep
fade loci , we have

*Recall that the zero reference is at the receiver height.
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_ _

w2(h.)~ - 
h2 (h1 

- hL\ ~~~~~
Wl(h

L) 
— h1 ~h2 ~

‘L) ~~~~~ 
(4.4)

where w1 and w2 are the contour widths . Thus, of course , is a
measure of the relative frequenc y selectivity in each of the
fading conditions . Note that if we constrain ourselves to the
region hLl =hT 2

=hL$10 where , as poin ted out above , the fre-
quency selectivity is greatest , we have simply

w2
(0) 

~~~~~~
w1

(O) = 

~~~~~ 
(4.5)

Thus , we see that there is an importan t dependence between the
frequency selectivity of fades and the delay width and layer
height extent of the multipath delay profiles. Examination of
the great variety of mul tipath delay profiles presented in
Section 2 indicates that there can be a wide variety of
frequency-selective fading on LOS links.

Before proceeding with presentation of our calculated
curves for two special links of interest, we poin t out two
observations about the contour plots above that, though simple,
deserve comment.

First, the frequency separations between the deep fade
loci in the p lots does not depend on the band examined , i.e.,
the deep fade loci occur with the same frequency spacing in the
4-GHz band as they do in the 8-GHz band .

Secondly, the relative occurrence vs. layer height of
the deep fades does depend on the frequency band . Comparing
Figure 4.1 and Figure 4.2, we see that the vertical separation
of the deep fade loci in Figure 4.1 (4-GHz band) is approxi-
mately twice what it is in Figure 4.2 (8-GHz band). This
dependence can be demonstrated in a more general sense by
appealing to the approximate linearity of the multipath delay
profiles that were previously used to generate (4.2). Substi-
tuting (4.2) in (2.155), we obtain an expression analogous to
(2.156) that yields the layer height separation of the deep
fade loci. Their location within the layer height band allow-
ing mul tipath is governed by
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12 / 2  2
-lI~ l -

+ cos Ihmax~~~hL
_ 

2cx~cr3 n
h — 2 vf r ( O )  + f~~~(O) (4. 6)

wherein we see that the layer height separation of the deep
fade loci is inversely proportional to f. Thus, spatial
selectivity becomes more important at the higher frequencies.

We now present the results of computation s that we have
done for two links of interest: the Swingate-Houtem link over

• the English Channel, and the Hohenstadt-Zugspitze link in
Germany . We start with the Swingate-Houtem link. This link,
as depicted in Figure 4.6, consists of several possib le diver-
sity channels . Because of time limitations , we have only done
calculations for the two emphasized in Figure 2.35. These con-
sist of one transmitter and two diversity receivers separated
by 30 feet. The first is located 47 feet above the transmitter,
the second , 17 feet above the transmitter. In Figure 4.6 we
illustrate diversity operation on this link when the lapse rate
is 300 Nu/km and the carrier frequency is 4.4465 GHz. This
carrier , one of the operating carriers on the link , was not
chosen with any particular interest in getting deep fades. It
is clear from the figure that the choice of diversity separa-
tion has resulted in anti-positioning of the deep fades, i.e.,
one can very roughly say that the deeper fades on one channel
are positioned against high signal levels on t1~ other. The
multipath delay profile corresponding to this physical situation
was illustrated earlier in Figure 2.37. Comparing the two, it
can be seen that the cutoff points correspond and that signal
enhancement occurs at the points where the ray paths merge .

Similar dependencies are evident when a different carrier
frequency is chosen , as shown in Figure 4.7 for a carrier fre-
quency of 4.808 GHz. This plot shows a fade to less than
-20 dB at 65.9 feet (as a computer printout of the numerical
values shows). 

-

In order to get some insight into frequency diversity
operation , we have plotted the frequency dependence of fade
depth and group delay for the layer height of 65.9 feet that
gives the deep fade mentioned above. The p lots , provided in
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Figures 4.8 and 4.9 cover the whole band of opera ting frequencies.
Consideration of (4.3) and Figure 2.37, (which yields hmax = 180
feet and A r ( 0 )  ~ 1.7 ns) indicates that the nul ls  will occur at
a spac ing of 927 MHz . Thus , for frequency diversity operation a
spacing of 460 MHz would be suitable. This contention is sup-
ported by the figures though it is cl ear that a slightly smaller
spacing would not result in serious degradation .

In Figures 4.10 and 4.11 we show the frequency de pendence
across the band when a lower lapse rate (200 Nu/km) pertains .
Because of the contrast between the two rnultipath delay profiles
(Figures 2.36 and 2.37) we expect less sharp frequency dependence
becaus e of the lower lapse rate, but an exact comparison using
(4.4) cannot be made here because of the different layer heights.

Curves similar to those given earlier in Figures 4.6 and
4.7 for the Swingate-Houtem link have been calculated for the
Hohenstadt-Zugspitze link. One such curve, dep icting fad e level
vs. layer height is depicted in Figure 4.12 for a lapse rate of
400 Nu/km and a layer slope equal to .009. (The corresponding
delay profile was shown earlier in Figure 2.18 of Section 2.4.1.)
Once again we note the comfor ting f act that the nulls  on one
diversity channel tend to be located opposite points of high
signal level on the other . The effect is not as dramatic as
in the earlier plots , e.g., Figure 4.7. To some degree the fade
records on each of the branches tend more to follow one another
than in the previous p lots. The sus pected reason for this is
that the diversity antenna separation is only about 17 feet.
It is expected that more suitable choices of diversity antenna
separation can be found .

It is of interest to compare the spatial selectivity of
the curves in Figure 4.12 (Hohenstadt-Zugsp itze link) and
those in Figure 4.6 (Swingate-Houtem link). Recall , from our
discussion in connection with (4.6) that cycles of height
variation have length

= (4 7)

In this expression the frequencies have already been specified .
The quantities hmax and Ar (O) can be determined from the respec-
tive multipath profiles ; these are Figure 2.l8for the Hohenstadt-
Zugspi tze link , and Figure 2.37for the Swingate-Houtem link.
When this j~ don e we find
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S = 4.1 (4.8)
A ZH

i.e., the spatial variation on the Hohenstadt-Zugspitze link is
approximately four times as rapid as i t is on the Swinga te-
Houten link . This is due primarily to the increased valu e of
the fac tor f~~r(O) on the Hohenstadt-Zugspitze link.

Though time has not permitted a precise validation of the
numerical value in (4.8) comparison of Figure 4.12 and Figure
4.6 over a 50-foot interval (e.g., the whol e abscissa in Figure
4.12 and 120 - 170 feet in Figure 4.6) indicate clearly that
fading on the Hohenstadt-Zugspitze link is much more ra pid spa-
tially. If one is willing to assume a rough equivalenc e of the
thermo-dynamic condi tions leading to layer motion on each link ,
the natural infer ence is that fading in time will  be more ra pid
on the Hohenstadt-Zugspitze link. No equivalence need be
assumed when comparing d i f fer ent physical conditions on the same
link; it exists a-priori.

For completeness , we present p lots (Figure 4.13) of group
delay on each of the two diversity channels. Note that an
extremum of grou p delay occurs at the same layer height
(~ 1526 feet) as the 

deepest fade illustrated in Figure 4.12.

We now turn to a more microscopic view of the deep fade
loci. Our concern here relates to the following question ; what
ar e the dominan t eff ects on diversi ty opera tion when a layer
moves through a deep fad e locus and a diversity switching rule
is used? The primary interest here is in examining some physical
mechanisms that may result in loss of bit count integrity .

We consider three simp le diversity rul es:

1. Switch to other channel if current channel
fad es to depth grea ter than 30 dB and other
chann el is stronger .

2. Switch to other channel if current channel
fades to depth greater than 20 dB and other
channel is stronger .

3. Switch to other channel if stronger than
current channel.
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Recall from our discussion of Section 2 . 3 . 3  that the largest
excursions of group delay tend to occur during the deepest fades .
This implies that diversity switching from a diversity channel
with a deep fade on it to another channel with l i t t le or no fade
is equivalent to switching from a channel with a large group
delay to a channel with very small group delay . Because of the
rapid switching on digi tal l inks , ther e may be a large sudden
discontinuity in delay and hence a loss of bit count integrity.

For concreteness we look at the fade in Figure 4.14 and
assume upward layer motion* and initial operation of diversity
channel #1. In Figure 4.15 we have presented the group delay
plot corresponding to Figure 4.14 and marked off the points at
which switching takes place according to the diversity rul es
listed above. For rule 1 we get a discontinuity of 177 ns.
For rule 2 a 50 ris discontinuity occurs , whereas for rule 3 it
can be shown on an expanded scale tha t the discon tinui ties are
considerably less than 10 ns .

Relative to a symbol length (72.3 ns) the group Delay dis-
continutiy tha t occurs when rul e 3 is used is extreme. Any
conclusion about the disastrous effects of such a circunstance
should be tempered with recognition of the fact that the group
delay at the center of the band may not best characterize the
overall delay of the signal. This is because group delay at any
one particular frequency becomes more tenuous as a characterizer
of signal delay as frequency-selectivity increases. For this
reason statements that the phenomenon described above will have
disastrous effects on bit count integrity would be premature.
Nevertheless , this phenomena and the fac t tha t serious perform-
ance degrada tion can take p lace during 20 dB fad es in si tua tion s
characterized by a high degree of frequency selectivity (see
Section 3), strongly sugges ts the us e of rule 3 above .

*
Note that regularity of layer motion need not be assumed over
a large range. In fact , to think of the abscissa in Figure
4.14 as a time axis , we need only visualize layer motion as
being regular over a very small range, e.g., .3 feet .
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4.2 Tracking Performance of Modems

The modem performance calculations presented in Section 3
required exact evaluation of modem tracking behavior under a
variety of multipath conditions . In general, these results show
that modem timing closely follows the group delay of the channel
at the carrier frequency except under conditions of extreme
degradation . This is particularly true of the baseband modem .
For this modem no significant deviation between center-of-
band group delay and modem tracking was found for any of the
channels which did not cause complete degradation. For channels
with an irreducible error rate, large tracking deviations (as
much as a few tenths of a bit) were calculated . This is not
surprising since irreducible error rates arise from eye closure ,
and eye closure for some data sequences will shift the position
of the mean zero crossing which is used by the tracking loop.

IF modem tracking also follows the center-of-band group
delay , although small deviations occur. Figure 4.16 shows both
group delay and modem tracking as the angle of T0 is varied over
360°. (A discussion of the significance of this procedure may
be found in Section 3.2.1.) These results are for the channel
conditions of curve #1 of Fig. 3.16, although similar results
were seen for all of the channels analyzed .
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The group delay has the classical definition

T
g
(f~~t) = 

-e ’(f ,t) (2.97)

where the prime denotes differentiation with respect to f. It
will be helpful for us to consider the above expression in some
alternate forms . Some elementary manipulation of (2.94) gives

Tg
(f~t)=_~~ Im~~~(~~

’~)~~ 
(2.98)

which, by writing T(f,t) in terms of its real and imaginary
parts ,

T(f ,t) = X(f ,t) + j y(f,t) (2.99)

yields

r (f ,t) = 
X’(f,t)Y(f ,t) 

2 
X(f ,t)y’(f,t) (2.100)

g 21T L (f,t)

The above expressions constitute the definitions and for-
malism that shall be used in much of the remainder of this
report. Some specialization of these results is in order,
however. This is because of the fact that refractive multipath
links are known to support a fini te number of discrete paths ,
as discussed in Section 2.1. This allows us to use the special
form

-j2lTfr .(t)
T(f ,t) = 

~~~ 
x~ (t) e 1 (2.101)

where there are N paths , cz~(t) being the time-varying 
amplitude

of the jth path and rj(t) being its delay. As in much of our
following work, w~ shall keep in mind that 

we are dealing with
a channel snapshot and no longer carry along an explicit depen-
dence on t in our notation. Thus , we have
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I
N -j2lrfr

T (f )  = e (2.102)

The expression in (2.102) is worth considering in some
slightly altered forms. We shall have occasion to refer back
to these in later sections of this report.

One form derives from considering the frequency relative
to the carrier frequency, i.e., by considering dependence on a
relative frequency

= - 

~c 
(2.103)

This has the effect of replacing the real amplitude in (2.102)
with a complex amplitude. Substituting (2.103) in (2.102)
we get

-j2iif ’ r~
T ( f’)  = e (2.104)

where

-j2lTf T .
= 

~~~~

. e C 1 (2.105)

It will also be of interest to consider the effects of
adding a fixed delay offset to each of the ray path delays.
Replacing r with r+r0, we get

-j2irf r N / -j2lTf 7 .\ -j21Tf ’(r~+T )
c O  v~ C l i  v i

T(f)= e ~~ /
(2.106)

In our use of these expressions later on, we will not carry
along the prime on f; the meaning will be clear from the
context.

Expressions for fade level and group delay in terms of
the ray path delays and amplitudes can be easily derived
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using (2.102). From (2.102) and (2.95) we get

L
2 

= 

~~~ ~~~~~~~ 

a~~a~~cos 2 i rf (r ~~- r .)  (2.107)
= .3—

for the fade level. To determine an expression for group delay,
we use (2.102) and (2.98) and obtain

N -j2irfr

~ 
J a~ r~~e i

T
g 

tm 
— 

N -j2irfr (2.108)

i=l

which, after some manipulating, gives

T
g 

= 

~4 ~~~~~~~
, 

~~ a~ a~ T~ cos 211f(r~~-r .) (2.109)

This completes our summary of the analytical results for
fade level and group delay.

Some insight into the behavior of the parameters discussed
in this section can be gleaned by considering the i1lus~
of phasor geometry in Figure 2.12. The figure repres€
graphical depiction of the way in which the contributin~ ~rms
in (2.104) link together to form the resultant phasor (boid-face
arrow). The magnitude of this phasor is the fade level, and it
is seen in the figure to vary substantially across the 2A band,
decreasing at f

~~-~~
. to half the value it had at f

~
+A. In con-

junction with this variation, the resultant traces a phasor
trajectory in the xy plane and, in so doing, rotates. It is
the variation of the central angle 0 with respect to frequency
that results in the occurrence of group delay , as is clear from
(2.97).

It is interesting to note that insights into the statis-
tical behavior of fading can be garnered from Figure 2.12.
Consider a situation wherein the x and y components of the
resultant phasor in Figure 2.12 are random variables with a
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probability distribution given by p(x,y). About this situation
we can make the perfectly reasonable assumption that no pre-
ference is given to the infinite fade point at the origin, i.e.,
that there are no singularities of p(x,y) at the origin. This
implies smooth behavior of p(x,y) in the neighborhood of the
origin. We are interested in the probability of fading below
some level L0; the result, of Course, is just the probability
that the x and y components are suc h as to put the resultant
phasor in a circle centered at the origin. If the fade is deep
enough, i.e., if L0 is small enough, this probability is givenby

P(L�L0) 
17 L~ p(0,0) (2.110)

This intuitive but correct observation corresponds to a result
derived by Lin [2.20].

2.3.2 Signal Distortion in Multipath Channels

The propagation channel is a time-variant linear system.
In complex notation, the input-output relationships are fre-
quently presented with the aid of the time-variant impulse
response g(t,~) or the time-variant transfer function T(f,t),
as follows:

w(t) = $ Z(f)T(f,t)ei21~ t df

(2.111)
w(t) — $ z(t-~ )g(t ,~~) d~

where w(t)  is the output ; z(t), Z(f) are the input process
and its spectrum; and T(f,t), g(t,~) are related by Fouriertrans format ion

T(f,t) $ g(t ,~~)e~~
2
~~~ d~

(2.112)

g(t ,~~) $ T(f , t ) ei 2hI ft df
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In calculating modem performance we are generally interested
in situations where the degree of frequency selectivity displayed
by the channel over the bandwidth of the data signal is moderate.
This is particularly true for the two high packing density modems
to be considered later, since high packing density is achieved at
the expense of sensitivity to noise and intersymbol interference.
Consequently, a few, or frequently only the first three terms in
a power series expansion of the transfer function suffice to
characterize the frequency selectivity. The utility of such a
power series to model a time-variant dispersive channel by a chain
of differentiations has been studied by Bello [2.191 . Formally,

T(f,t) = ~ T~(t)(21rJf)~ (2.113)
n 0  

-

which represents the channel by a sum of the outputs of success-
ively higher orders of (bandpass) differentiators, with the nth-
order differentiator being multiplied by the complex function

1 
________

. n I  nn!(2irj) L t~f f=0

T~(t) (2.114)

~~~~~
- JI (-~)~g(t,~) d~

Bello [2.21] has shown that the power series representation
(2.113) will be most rapidly convergent when the expansion is
taken for a channel in which a “mean” path delay has been removed.
Assuming this mean path delay is 

~
-j, the input-output represen-

tation corresponding -to (2.113) (including the mean path delay) is
given by
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d~z(t -~~0)w(t) = Z T (t) (2.115)
n=0 ~ dt~

This parametric model is shown in Fig. 2.13. (This chain-
differentiator model is called the f-power series model in [2.21].

When the frequency-selective fading in the channel is suf-
ficiently small, only the first term in the series (2.115)willbe
sufficient to characterize the channel output, i.e.,

w(t) = T0(t)z(t 
- 

~~
) (2.116)

where z(t), w(t), are the complex envelopes of the channel input
and output, respectively. Equation (2.116) may be recognized as a
“flat fading” or nonfrequency-selective channel model. If the
first two terms are used ,

w(t) = T0(t)z(t 
- 4,~

) + T1(t)~ (t 
- 

~~
) (2.117)

which is called a “linearly frequency-selective fading” channel
[2.221 since it corresponds to approximating T(f,t) by a complex
linear term in the frequency variable. One may continue and
define a “quadratically frequency-selective fading” channel:

w(t) T0(t)z(t 
- 

~
) + T1(t)z(t 

— 

~
) + T~z(t -

(2.118)

This is the representation which will be used for performance
modeling .

Given any channel impulse response structure one may compute
the parameters (Tn(t)) of the chain differentiator model. We are
particularly concerned with an N-path channel for which the time-
varying channel transfer function is given by
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N _j2
~~i

(t)[f+f I
T(f,t) Z a~(t)e 

C (2.119)
i—i

where 
~~ 

is the carrier frequency and f is the frequency devia-
tion from the carrier. Since the existence of a mean delay 

~oproduces a factor exp (-j2i~f~0) in T(f ,t) which can fluctuate
with f quite rapidly, it is desirable to expand only the portion
of T(f,t) which does not include this factor. Then

-j217f~0T(f,t) = T0(f,t)e (2.120)

where T0(f,t) is the time-varying channel transfer function after
the mean delay has been removed. From Eqs. (2.119) and (2.120)
“~ (f ,t) for the N—path model Is

N -j2,rf
~~
.(t) -J2ir f[~~ (t) -~~ ]

T0(f,t) ~ a~(t)e 
1 (2.121)

1=1

Defining a complex gain of the i’th path by

-j2irf~~1(t)
(2.122)

and a relative delay of the I’th path by

= ~~~(t ) - (2.123)

then

N -j2lTfl71(t)T0(f,t) 
= 

~ $1(t)e (2.124)
i=l
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It can be easily shown from Eq. (2.121) that the parameters of
the model are given by

~ T~(t) = ~ 

~ 
$ (t)[ (t)]~ (2.125)

We have shown above how distortion of the complex envelope
z(t) is related to the coefficients of the chain differentiator
model [T~(tfl and how these coefficients may be calculated for
an N-path channel. We now find expressions for the corresponding
distortion of the modulating waveform when z(t) is either phase of
frequency modulated . In either case we may write

z(t) = ej~~
t) (2.126)

In the case of phase modulation, the modulating waveform is given
directly by p(t); in the case of frequency modulation it is given
by

x(t) = 
~~~~
- p(t )  (2.127)

Us ing (2.127) and the quadratic channel model [Eq. (2.118)] we find
that the complex envelope of the channel output is given by

jcD(t -~~0)w(t) e T0(t) + jT1(t)~ (t 
- ~~)

+ T2(t)[ico(t 
- ~~) - cb

2
(t - 

~o)]j 
(2.128)

For the LOS channel of interest, time variations of the channel
are much slower than time variations of (D(t) and its derivatives.
Thus, one may regard the channel as fixed when finding the dis-
criminator output. Writing w(t) in the form
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j[p (t -~~0) + B(t)]w(t) = A(t)T0(t)e (2.129)

the desired results for output angle and frequency are

e(t) = Q(t — ~~) + B(t) (2.130)

and

y(t) = 
~~~~- 9(t) = x(t - ~~) + 

~~~~
- B( t) (2.131)

By a simp le calcula tion it may be shown that for small distortion
B(t) is given by

B( t) = p1Q(t 
- + p2~ (t 

- ~~) + f p3Q~ (t - ~~) (2.132)

where the p parameters are defined by

T
1
(t)

p
1 = R e 

T0(t)

T2(t)
p2 

= Re T0(t) 
(2.133)

[ T~ (t) T
1(t) T2(t)p3 2 

~ T0(t) 
Im T

0(t) 
-Im T0(t)

In this result derivatives (and their products) of order higher
than 2 have been discarded , maintaining accuracy consistent with
the quadratic channel model. Substituting (2.133) into (2.130)
gives the phase modulation model directly:

e(t) p(t - ~~) + p1cp (t - ~~) + p2~ (t - ~~) + ~~~ p 3c~~ (t - ~~)
(2.134)
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and substituting into (2.131) with the help of (2.132) gives
the frequency modulation model

y(t) = x(t - ~~) + p1*(t - ~~) + p2~(t - ~~) + p3x(t - ~0)~ (t -

(2.135)

These models will be the basis for the modem performance
analyses presented in Section 3.

2.3.3 Fade Depth and Group Delay Extrema

In this section we explore and answer some impor tant
questions relating to the frequency dependence of fade depth
and group delay . Two questions are of Ut [~.:-st importance :

(1) Given a fixed set of channel pa~.ameters, at
what frequencies do the deep fades occur?

(2) What is the joint behavior of fade level and
group delay ? Do large excursions of group
delay usually occur during deep fades?

The first question is of importance because of the fact
that the nonfading situations are of little interest to us.
Because of the improbability of deep fades , it is helpful  to
have analytical results that can aid one in locating the deep
fade loci. These are presented in this section .

The importance of the second question relates to loss of
bi t count integrity during diversity switching . Since many
diversity schemes involve switching during deep fades , a large
group delay excursion , occurring simultaneously with the deep
fade , could result in a large rapid discon tinuity occurring
when the system is switched to the other channel. In this
section we develop a bound on the group de lay which indicates
that the largest group delay exc ursion will only occur during
deep fades . The importance of this phenomenon will be dis-
cussed later in Section 4.1.

Some interesting insights into the prob lem at hand are
gained by considering the geometrical picture in Figure 2.14.
Here the transfer function at f - f1 is depicted as the sum of
its component phasors , a1 exp (-j2iif1r 1), a2 exp (-j2iT

f
2
r
2) ,  etc.
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Clearly, as the frequency changes, the resultant phasor T(f)
traces out a trajectory in the XY plane. This trajectory is
illustrated by the dotted line in Figure 2.14. It is of use
to define a “velocity” vector that describes the “motion” of
the resultant phasor along the trajectory. We use these words
in quotation marks (to be discarded in future discussion)
because we are not dealing with true velocity and motion in
the sense of kinematics. Dependence here is on frequency
rather than time; nevertheless, the concept of velocity de-
veloped here is a useful one. In terms of the transfer function
which we here separate into its component parts and write as
a vector 4

~ ( f )  = X x  + Y~~ (2.136)

where x and y are the unit vectors in the X and Y directions
as illustrated in the figure , the velocity vector is defined
simply as

x y
(2.137)

v x’(f) v Y ’(f)x y

where the primes denote differentiation with respect to f.

It is also of interest to refer to the absolute speed
along the trajectory . This is simply

= (
~ + ~ 

) (2.138)x y

The velocity vector at f f 2 is illustrated in Figure 2.14.
The angle & appearing in the figure is the same as that referred
to in Eq. (2.94).

A simp le examination of the geometry in Figure 2.14 and
comparison with (2.97) reveals that the absolute value of the
group de lay at any frequency is inversely proportional to 2ITL
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and directly proportional to the absolute value of that com-
ponent of the velocity vector tangent to a circle centered at
the origin and passing through the point (X,Y). To firm this
up analytically, we define a unit vector perpendicular to T(f),
[i.e., tangent to the circle of radius L at the point (X ,Y)]~

= 
- Y X + X y  (2.139)

t 1 2 2‘Vx + y

It is easy to see that has the desired properties

~t
.
~~t

= 1

(2.140)

j~( f)  = 0

where we have used to dot product of vector analysis. It is
an easy matter to see from (2.100) and the geometry in
Figure 2.14 that

T
g 

= (2.141)

which is verified by substituting (2.137) and (2.138) into this
expression to get our earlier result

x Y’ - x ’ Y
T = 2 2 (2.142)
g 21i(X +Y )

We will return to this formalism later , but one interesting
observation can be made immediately. Consider a given point
(X0,Y0) and a resultant phasor moving along a trajectory passing
through the point (X0,Y0) in such a way that it crosses the

fade circle of radius L= (x~+~~~ . For the value of f at
which the trajectory crosses the fade circle , the magnitude of
the group delay is always less than the value it would have if
the resultant phasor were moving (at the same speed) along a
trajectory tangent to the fade circle . This is a simple con-
sequence of the inequality
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‘ v (2.143)

and we shall make use of it later.

We now address question (1) mentioned at the beginning
of this section , and determine those frequencies at which the
deepest fades occur . From (2.102) it is easy to see that two
necessary conditions for the occurrence of fades as deep as ,
or deeper than, that corresponding to some magnitude squared
value L2 are:

N
a. cos 2ir f r . � L (2.144)

and

a. sin 2lTfr . � L (2.145)

Thus , assigning a small value to L places a constraint on the
values of f (for a given set of and r~ ) allowing deep fades.

It is of interest to examine the constraints on f when
L=O. This is done by solving the sys tem of equations

a. cos 2i~fr . 0 (2 .146) H
• 

1=

N
a. sin 2 lTfr . = 0 (2.147)

This, of course , is the constraint condition resulting from
direc tly setting T(f) in (2.102) equal to 0. Generally, it is
difficult to solve. For the case N = 3 , some spec ific conc lu-
sions can be made .

Since this problem is by no means one of the major goals
of this program, we concentrate then on a three path model.
To find the infinite fade points , we set
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3 -j2irfr

~~~~
a

~~
e ~~~~O (2.148)

Manipulation of this expression is facilitated if we factor out
the first term. Since is never 0, the constraint (2.148)
becomes

-j2irfr~ -j2irfr~l + a~~e +~~~~e 0 (2.149)

where, for j=2 ,3

= (2 .150)

and

= - (2.151)

Separating the real and imaginary par ts of (2.149), we obtain

1 + cos 21Tfr~ + cz~ cos 217fr~ = 0 (2.152)

and

sin 21Tfr~ + sin 217fr~ = 0 (2.153)

Squaring and adding both of these equations , we obtain

1. — (cz ’2 -+ cx ’
2)

cos 2nf ( r~~ -r ~~) = 2 a ~~a (2.154)
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or

2 / 2  2a1 
- 

~a2 +a3cos 217f(r2 -r 3) 
= 

2 a (2.155)a2 3

From (2.155) we have

1 2 i 2  2
_11 a1 

- ~a2 +a 3+ cos I
— 2 a a

= 
2ir (r

3 
- r 2 ) + ( r )  (2.156)

where

n = 0, ±1, ±2, ... (2.157)

Thus, it is clear for the model under consideration that two
deep fades may occur every (r 3 -r 2)~~ Hz in frequency, e.g.,

• for a delay difference on the order of one nanosecond there can
at most be two nulls across a l-GHz band . We point out, how-
ever, that a simple examination of (2.155) and/or the phasor
geometry indicates that the constraint on f can never be
satisfied unless the conditions

a2 + a3 
� a~ (2.158)

• and

a2 
- a3! 

� a1 (2.159)

are met.

It should be pointed out that the use of (2.156) to locate
a deep fade does not guarantee that a deep fade will actually
occur at that frequency; it only means that deep fades, should
they occur , will occur at the given frequencies.
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We now turn from a determination of the deep fade loci
to an examination of the joint behavior of the fade level and
group delay. This is in response to question (2) at the
beginning of this section ; our analytical goal is to determine
bounds on the group delay .

From (2. ~8) we see that

- 
= 

2 4 Im[T ’(f)T*(f)~
2 (2.160)g 4iT L

Using (2.99), we obtain

IT ’(f)T*(f)1
2 

= L2[(xI)
2
+(y~)2] (2.161)

with the definitions for v~ and v given in (2.137) and the
additional definition

v = ~Iv
2 
+ v2 (2.162)

which can be thought of as the “speed” of the resultant along
the phase trajectory in Figure 2.14, we obtain the simple
inequality

2
Ir !

2 
� 2 2 (2.163)

g 4ii L

Evaluation of v,~ and v according to (2.137) gives

v - 217 
~~ 

a~ r~ sin 2lrfri (2.164)

V
y 

= - 2n aj T~ cos 21rfr~ (2.165)
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Application of Lagrange ’s identity

(
~ 

aj
b
j)

2 

= (3t a~)(~~ b~
) 

- -

~~~ ~~ ~j (aj
b
k 

- a
k
b
j)
2

(2.166)

gives

v2 = (21r)2(~~ ~~~~~~ 
T~ sin2 2 1Tf r ~

)

- 21,2 
~~~ 

S]•fl 2 lTf T
k atK

r
~ 

sin 21J fT~)2 (2.167)

with a similar expression for v2. Adding the two expressions
gives

= (21r)2(~~L 
~~~~~~~ ~ - (2.168)

where

Q = (217)
2 

~~ 
sin 21 7f r

k
_ c x

kT
~ 

sin 21rfr~)
2

+ (a.r cos 2iifr - a , r . cos 2iifr .~
2

• ~~j k k 1 ( 3  3fJ
(2.169)

By doing the indicated squaring in (2.169), comining terms, and
substituting back into (2.168), it is a simple matter to see that

v
2 

= (217)
2 j~ a1a~ rjr~~cos[217f r~~

_ r
j]

� (21r)2(~~~~ !r
~~) 

(2.170)
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Thus , from (2. 163) the group delay is bounded according to the
following inequality:

N
E a ~~T I
i=l

T 

~ L 
(2.171)

We have derived inequalities by other means than that used here
(e.g., by applying the Schwarz inequality to each of the terms
in v2 = v2+v 2) but in all cases these inequalities have been
found to ~e w~aker than (2.171).

Examination of the steps leading to (2.171) indicate that
the bound , if it is to be achieved, can only be achieved at
the fade depth minimum.

As a numerical example we have taken some computed values
of amplitudes and delays (typical for the shorter links). These
are:

a1 
= I a2 = 1.184 a3 

= 1.196

(2.172)

= 0 = 1.266 = 1.740

Across a 30-MH z band centered on a carrier frequency of
4.9888 GHz, the selected set of ampli tudes and delays above
gives rise to a minimum fade level given by

D = -43.457 dB (2.173)

Using

~Tg~ 
= 1020 (

~ 
ai !r i !) 

(2.174)

we get

= 281.7 ns (2.175)
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as the maximum group delay excursion corresponding to the
set of parameters in (2.172). This compares favorably with
a computed value of 240 ns.

The example leading to (2.175) is a worst-case situation,
of course; we have calculated the bound at the frequency which
gives rise to the deepest fade. The bound in (2.171) is useful
in other respects ; e.g., it indicates the relative unimportance
of group delay excursions during shallower fades. As a case in
point, the group delay upper bounds for 10 dB , 20 dB , and 30 dB
fades are 5.983 ns, 18.920 ns, and 59.83 ns, respectively.
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2.4 Two Specific Communication Channels of Interest

Using the analytical results described in Section 2.2 we
have computed delays and amplitudes on two specific links of
interest, the Hohenstadt-Zugspitze link in Germany and the
Swingate-Houten link which crosses the English Channel at a
point near Dover. Additionally we have calculated the dependence
of fade depth and group delay on fr equency and layer height for
these two links.

Because modem performance on the Hohenstadt-Zugspitze link
will be evaluated at a later point in this report we have empha-
sized calculation of the mul tipath delays and amplitudes on that
link. It will be recalled that the set of mul tipath amplitudes
and delays provides a complete characterization of the link from
which all other quantities of interest can be calculated , e.g.,
fade depth , group delay , and distortion parameters . Most sig-
nificantly, the delays and amplitudes can be used to calculate
error probability and, hence, determine the SNR degrada tion of
the frequency-selective channel relative to a flat-fading chan-
nel. The results of cal cula tions of the SNR degradation are
provided in Section 3.

2.4.1 Hohenstadt-Zugspitze Link

The Hohenstadt-to-Zugspitze (H -~~ Z) and Zugspitze-to-
Hohenstadt (Z —. H) link are of interest because of their rather
extreme geometries relative to typical earth-based LOS microwave
links. As illustrated in Fig. 2.15 the two terminals are sepa-
rated by approximately 100 miles with the terminal at Zugspitze
elevated over a mile relative to that at Hohenstadt . (It should
be noted tha t all heights are referred to the height of the
primary antenna at Hohenstadt .*) The intuitive motion that such
an extreme geometry can lead to extreme fading is supported by
the program of measurements described in [2.8]. It is reported
there that fading over the H —. Z pa th is greater than over any
other tested in the DEB Stage I system . Therefore, it was not
surprising for us to encounter more extreme values of multipath
than we have encountered on shorter links that we have
investigated .

*The “primary” antenna is the one antenna at either location
that is enabled to both transmit and receive.
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Figure 2.15 Link Geometry for Hohenstadt-Zugspitze Link
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Before describing the results of the calculations we should
point out that there are two features of the H -. Z link which ,
in one important sense, tend to balance one another out. These
are the extreme length of the link and the e~ctreme height of the
receiver relative to the transmitter . Simp le physical consid er-
ations indicate that an increased ground range, all other things
being cons tant , tends to increase the delay spreads . On the
other hand , elevating the receiver and holding all other para-
meters constant can lead one eventually to a situation wherein
there is no multipath . This is particularly noticeable when one
assumes that the refractive layer generating the rnultipath is
perfectly horizontal. As one increases the receiver height , the
elevation ang le of the transmitted electromagnetic field becomes
so great that the -refractive layer , in order to support multipath ,
mus t have a capability to bend the ray that exceeds the capabil-
ities of atmospheric layers occurring in nature. In fact, we
have determined that a perf ectly horiz ontal atmosph eric layer
will not support multipath on the H -. Z link unless its lapse
rate* exceeds 800 Nu/km . For virtually all of the useful quan-
titative data that has come into our hands (e.g., [2.5], [2.6],
and [2.7]) this value is considerably off scale.

Were it not for the fact that layers tilt [2.17], [2.18] the
fading on the H -. Z path would be unexp lainable via the mechanism
of refractive multipath in atmospheric layers. As it happens ,
the layer tilt ang le is a variable of major importance for links
wi th the extreme geometry of the H -. Z link .

The tilted layer configuration was illustrated earlier in
Fig . 2.10 and inclusion of layer tilt into the computer model was
discussed in Section 2.2.3. As pointed out in that section data
on layer tilt is meagre. Kerr [2.18] has pointed out that warm
fronts have tilt slopes ranging between .0033 and .010 , corres-
ponding to an angular range .190 degree to .573 degree.
We have used this range of slopes in our calculations choosing a
.001 slope increment to cover the range from .003 to .010. The
corresponding ang les are provided in Table 2-3.

Resul ts are shown in Figs . 2 .16 , 2.17 , and 2.18 for three
different values of the lapse rate of refractive index gradient,
300, 350, and 400 Nu/km . The curves in these figures are the

*By lapse rate we are referring to the lapse ra te of refractive
index gradient. Algebraically this quantity is just the nega-
tive of the refrac tive index gradien t .
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I
TABLE 2-3

VALUES OF LAYER SLOPE USED IN CALCULATIONS
AND CORRESPONDING LAYER TILT ANGLES

Layer
Layer Til t Ang le
Slopes (Degrees)

.003 .172

.004 .229

.005 .286

.006 .344

.007 .401

.008 .458

.009 .5156

.010 .573
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multipath delay profiles ; they represent the delay of each ray
path supported by the propagation channel. The delays are
plotted vs. layer height and are measured relative to the delay
of the direct path channel. As an example, note from Fig. 2.18
that a layer with slope .010 supports three ray paths when it
is at a height of 1500 feet. For two of these paths there are
delay lags; one is at 3 ns, the others at 6 ns. For the other
path there is a delay advance of about -l ns. As the layer moves
up this path delay converges on zero, reaching that point when
the layer rises above the receiver and , by so doing, allows a
direct path to exist between transmitter and receiver. For this
reason we refer to it as the pseudo-direct path. As the layer
rises it is also clear from the figure that the upper two ray
paths converge; it should be emphasized that the point of con-
vergence is by no means the same as the point of convergence
between the direct and pseudo-direct path . Another point that
should be emphasized is that the delay profiles presented in this
repor t, for economy of presentation , only show the delays that
exist in a multipath situation, i.e., when there is more than one
delay .

One interes ting feature of each of these curves , e.g.,
Fig. 2.17, is that the multipath profiles tend to open up or
spread as the slope of the layer increases . This is because the
layer is approaching the position of maximal multipath which
occurs when the layer and the straight line connecting the trans-
mitter and the receiver are perfec tly parallel. This position is
never quite reached here since the straight line slope , at a value
of .013, is slightly in excess of .010, the largest layer slope
of interest.

Another feature of Figs. 2.16 to 2.18 is that increases in
lapse rate allow for the occurrence of multipath at smaller tilt
angles. This is not surprising in view of our knowledge of the
general fac t that the large lapse rates tend to be more amenable
to support of multipath than the smaller ones. An extreme case
is shown in Fig. 2.19 where we have used a lapse rate value of
500 Nu/km . It can be seen that mul tipath suppor t exis ts over
layer slopes ranging from .005 to .010 with delay spreads some-
times in excess of 20 ns. Fortunately, this lapse rate is not
within the range expected for the H -~ Z link. (See comments in
[2.8] and data on page 107 of [2.61.)
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The dependence on lapse rate is more clearly demonstrated
in Fig. 2.20 below where we show how the multipath delay profile
chang~..s as the lapse rate is increased. From an extremely small
profile when the lapse rate is 350 Nu/kin the profile is seen to
evolve to a condition wherein there are multipath delay separa-
tions in excess of 20 ns when the lapse rate is 550 Nu/km. For
the curves in Fig. 2.20 the layer slope is kept fixed at a value
of .008.

For Figs. 2.16 through 2.20 it should be pointed out that
each profile in each of the figures is plotted only over the
range of layer heights supporting multipath . In actuality the
single negative path extends indefinitely to the left whereas the
pseudo-direct path (see Fig. 2.18) extends beyond the profile
and steadily increases until it becomes zero. This is the point,
of course , at which the layer rises above the receiving terminal
and direct path propagation becomes possible. This observation
coupled with examination of Figs . 2.16 through 2.20 indicates
that the refractive multipath model would have been totally
inadequate for the extreme geometry situation encountered on the
H -. Z link were it not for the model up-date described in Section
2.2.2.2 and illustrated in Fig. 2.5(b).

When the delay calculations are comp lemented with amplitude
calculations the LOS refractive channel characterization is
complete. The plots of amplitude vs. layer height do not have
as great an effect as their delay counterparts do , and we have
restricted the presentation to the amplitudes for a lapse rate
of 400 Nu/km as shown in Fig . 2.21. The layer slopes range from
.007 to .010 as in Fig. 2.18. As the tilt increases the same
horizontal spreading that was observed in the delay profiles is
observed here. It should be noted , however , that the amplitude
increases for the smaller tilt angles. This is because the delay
profiles are “tighter ” at the smaller tilt angles , as pointed out
earlier . This means as the layer height passes through that
range of values that allows the existence of multipath , the
delays and amp litud es of each of the ray paths are closer in
value. In the geometrical sense this means that the rays are
closer to one another in space. This latter is a focussing
condition and makes for higher signal amplitudes on each path.

Figure 2.21 is rather densely packed . The nature of the
amplitude dependence on layer height is more clearly displayed
in Fig. 2.22. This figure shows both the amplitude and delay
profile for a lapse rate of 400 Nu/km. We can easily identify
the pseudo-direct path as the one that converges on zero (layer
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height increasing) in the delay pro file and converges on unity
in the amplitude profile.

The data described above has been used as input parameters
for the modem performance evaluations discussed in Section 3.
For easy reference the method of choosing the parameters and the
parameter choices are provided with a separate section (Section
2.4.3).

With the delays and amplitudes described above we have
calculated (in addition to the performance calculations presented
in Section 3) two basic fading parameters, the fade level and
the group delay. We now turn to the presentation of several —

curves that illustrate the basic nature of the fading.

One such curve is presented in Fig. 2.23. This plot illus-
trates the dependence of fade level on layer height for an
arbitrarily chosen carrier frequency of 8.2 GHz. This figure
should be examined in connection with the .009 multipath delay
profile of Fig. 2.18. Comparing the two we see that the fading
occurs over the same interval of layer height that is character-
ized by a multiplicity of rays in Fig. 2.18. This range extends
from approximately 1520 feet to 1920 feet. At the higher end
of the range there is the focussing condition (enhanced amplitude)
that we have mentioned before. In the middle of the range there :1
are three fades that go down to about -10 dB. The fact that
deeper fades do not occur is not surprising in view of the dearth
of deep fade loci evident in Fig . 1.1 and our arbitrary choice
of carrier frequency.

From the figure it can be seen that the signal level is not
zero dB outside the fading interval. The reason for this is
that the one remaining propagation path still intersects the
layer, i.e., the highest terminal is still immersed in the layer.
Thus there is still some signal enhancement; at the higher layer
locations propagation takes place via the “quasi-direct” path
of Fig. 2.5(b). The amplitude decreases at the higher levels
until finally the layer rises above the highest receiver,
direct path propagation is allowed to take place and the signal
amplitude (always measured relative to the direct path) becomes
0 dB.

Since refractive layers are thought to move vertically
[2. 121 , Fig . 2.23 can , to some extent , be viewed as a dynamic
plot . This is true also of subsequent plots (depicting fading
behavior as a function of layer height) to be presented in this
report. In fact, it is of interest to temporarily assume some
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constancy of speed and direction for the layer and view the
figures as p lots depicting dependence on time. Viewed in this
light Fig. 2.23 and later p lots bear more than a superficial
resemblance to fading records of various channel parameters.

The computer p lot of Fig. 2. 23 is limited in resolution
because of the fact that it was generated from only 200 points.
Magnification of the p lot reveals that a fad e deeper than any
one of those depicted in Fig . 2.23 occurs near 1900 feet. The
magnification of this fade is shown in Fig. 2.24. It can be
seen that the fade extends slightly deeper than -20 dB.

We recall from the discussion of Section 2. that the
largest group delay excursions are allowed to take p lace during
deep fades . For this reason it is of interest to examine the
dependence of group delay over the same interval of layer height
shown in Fig . 2.24. This illustration is provided in Fig. 2.25.
We see that the extrema of group delay (about 100 ns) and fade
level coincide.

As we discuss in Section 4 the group delay in Fig. 2 .25  does
not apply to all the frequency components of a signal traversing
the refractive channel. Such a consideration raises questions
that are bes t addressed by Figs. 2.26 and 2.27. There we depict
the frequency dependence of the fade level and group delay across
a 30 MHz band centered on the 8.2 GHz carrier. There we see
that some frequency components of the signal are hardly attenu-
ated at all , whereas others are down 20 dB; some frequency
components are hardly time shif ted at all wher eas others arrive
with a 100 ns time shift. It is comforting to note, however ,
that the frequency components mos t delayed are also thos e tha t
are most attenuated. Thus , neglect of the distortion effects
of frequency components 10 dB down at the receiver is equivalent
to neg lect of frequency components delayed by more than about
10 ns. Though such considerations are of interest they are prob-
ably best addressed through the T and P parameter formalism
developed in Section 2.3.2 and applied extensively in Section 3
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When the analytical resul ts of Section 3 are applied to
determine the frequency (for any given layer height) at which
the deep fades occur , much more extreme condi tions can be foun d .
Running of a computer program based on (2.156) indicates a deep
fade possibility at 8.591 GHz. As demonstrated in Fig . 2.28 a
fade record for this carrier fr equency yields a fade exceeding
30 dB at a layer height of approxima tely 1526 feet. A
“magnification” of this fade is provided in Fig. 2.29 and a
group delay plot follows in Fig. 2.30. The frequency-selective
behavior is illustrated in Figs. 2.31 and 2.32. These plots
show extreme values (approaching 400 ns) for group delay .

Things can be made to look even worse. Running of our
programs to locate the deep fade loci (in fr equency) indicates
that a choice of carrier of 8.301 GHz can result in a fade in
excess of 40 dB at a layer height of 1606.5 f eet . This is
illustrated in Fig . 2 .33. The corres ponding group delay (y ield-
ing extreme excursions up to 750 ns) is illustrated in Fig. 2.34.

The numerical values presented in this section can have the
appearance of sometimes being extreme . This was something
anticipated at the onset , however. The Hohenstadt-Zugspitze
link is an “extreme” link . It is longer and has a greater
terminal separation than any other link to which we have com-
for tabl y applied our computer model. It is encouraging to note ,
however , that measurements perf ormed on the link also give rise
to “extreme” empirical data [2.8]; they indicate a greater
incidence of multipath fading than any other of the DEB links .

Aspects of diversity performance on this link are deferred
until Section 4.

2.4.2 Swingate-Houtem Link

In this sect ion we present the r esults of using the LOS
sof tware to calculate mul tipath delay and amplitude profiles
and to investigate frequency-selective and spatially-selective
fading characteristics of the Swingate-Houtem link. This link
consists of a very long (55 mile) line-of-sigh t microwave path
across the English Chann el from Swingate near Dover , Eng land to
a site near Houten , Belgium.

Some refractivity data for this link has been presented in
(2.231. The data was taken at Shoeburyness which is located
approximatel y 50 km northwes t of Dover along the Eng lish coas t
and indicates that the choice of refractivity gradient -300 Nu/km
that we have used in many of our calculations below is entirely
reasonable. 2-96
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The geometry of the Swingate-Houtem link is illustrated in
Fig . 2.35 . The two terminals are separated by 55 miles . The
positions of the two top-most receiving terminals relative to
the “A” transmitting terminal are 47 feet (receiver “A”) and
17 feet (receiver “ B”) . * The operating frequencies are in the
4 GHz band extending from 4.465 GHz to 4.908 GHz.

The calculations presented in the remainder of this
section relate, because of time limitations , to the two top-
most diversity paths , i.e., we consider the “A” transmitter to
“A” receiver path (diversity channel #1) and the “A” transmitter
to “B” receiver path (diversity channel #2).

Multipath delay profiles (plots of multipath delay vs.
layer height) for the Swingate-Houtem link are illustrated in
Figs. 2.36 through 2.41. Figures 2.36 through 2.38 show the
delays arising on diversity channel #1 (47 feet above the
transmitter) and Figs. 2.39 through 2.41 show the delays arising
on diversity channel #2 (17 feet above the transmitter). For
each diversity channel the figures are sequenced in such a way
as to show the effects  of increasing lapse rate.

In Fig. 2.36 we see that the multipath rays are very close
in delay with two extra paths being supported over a very small
interval of layer height near 15 feet. Multipath is supported
f or layer heights up to no more than about 40 feet. The lapse
rate used to calculate the profile in Fig. 2.36 is 200 Nu/km.
This low value, which is just above that which supports ducting
(157 Nu/krn) is the reason for the tightness of the profile.

In Fig. 2.37 we see the effects of an increase in lapse
rate to 300 Nu/km . The profile spreads significantly and
support of multipath propagation continues to a layer height in
excess of 180 feet.

The effects of a further increase in lapse rate are illus-
trated in Fig . 2.38. The trends already discussed are evident
here to an even greater degree . Significantly,  a lapse ra te of
400 Nu/km here supports multipath up to 340 feet .

*The zero reference level is at sea level. The elevations of
the two antenna sites , not given in Fig. 2.35, are provided in
[2.23].
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Similar trends are evident in Figs. 2.39 - 2.41 which show
the effects on diversity channel #2 (receiver at relative height
of 17 feet) which is closer to the transmitter height. Two
basic differences are observable, however. These are:

1) The “extra” multipath rays exist over a more
substantial interval of layer height than pre-
viously . This is because the imaginary straight
line connecting transmitter “A” and receiver “B”
is more nearly horizontal than in the previous
case. This situation , as discussed earlier, is
more amenable to the existence of extra paths.

2) The multipath support disappears at a lower
layer height than in the previous case. This
is because the layer separates from the lower
receiver “B” earlier than it does from receiver
“A ’’.

The ray path amplitudes for the situation illustrated
earlier in Fig. 2.37 are presented in Fig. 2.42. Comparing the
two figures , we note that a focussing condition (Fig. 2.42)
takes place as the ray path delays converge (Fig. 2.37).
Additionally , we note that the “extra” paths in Fig. 2.37,
though negligible in delay difference relative to the more
enduring mul tipath rays can be subs tantial in amp litude. The
implication of this is that the extra short-lined multipath
rays can contribute substantially to signal enhancement but only
rarely play any significant role during deep fades. In fact,
the disappearance of these extra paths results in discontinuities
of fade level as we will point out later.

Because of the fact that the amplitudes seem to play less
of a role as indicators of deep fading conditions we have chosen
not to display the amplitude profiles as extensively as the
delay profiles presented earlier.

All of the above curves depict phenomena that depend
strictly on the physical character of the link and its geometry.
None of them depend on frequency. We now turn from the
physical character of the link to its fading character . This
latter, of course , depends on frequency.
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In order to be fair and not over-emphasize the most serious
cases of signal degradation [obtained by using (2.156) to
locate the frequencies at which the deepest fades occur] we have
assumed for most of the calculations presented in the remainder
of this section the carrier frequencies specified for the
Swingate-Houten link. As an example we present Figs. 2.43 and
2.44 which depict a fading condition existing for the 4.4465 GHz
carrier frequency . We point out that the asymmetry of the group
delay plot in Fig . 2.44 is a characteristic that we have observed
repeatedly in our calculations .

For the oper ating carrier frequ ency 4.808 GHz plots of
fade level vs. layer height are illustrated in Fig. 2.45 for
diversity receiver #1 and in Fig . 2.46 for diversity receiver
#2. The increase in range of layer heights over which the
multipath exists is evident as the lapse ra te of refractive
index gradient increases . Also evident in these figures is the
signal enhancement that takes place when the extra paths exist.
The disappearance of these paths at the higlmr end is accomp-
anied by a sharp rise in signal amp litude. This , of course, is
due to the merg ing of the extra rays which resu lts in a focussing
condition as mentioned before. A similar phenomena involving
the dominant rays is evid ent in each figure at the highest end
of the layer height interval over which inultipath is supported .
In nature these sharp increases may be dampened somewhat by
concurrent reductions of lapse rate as the layer moves upward .

The last figure of the sequence described above, Fig. 2.46(c)
indicates a deep fade occurring at 65.9 feet. The frequency
dependence of this fade is depicted in detail in Fig . 2.47.
We see clearly that a very large fade has occurred on diversity
channel #2 whereas diversity channel #1 is in a condition of
signal enhancement. All of the frequency components in a 14 MHz
band centered on the 4.808 GHz carrier fade to -16 dB or deeper .
At the center of the band the fade level is appr oximately
-30 dB. This is the nominal fade level that we have had
occasion to refer to. At adjacent frequencies , however , the
frequency components can be attenuated to as far down as -45 dB.
Since these adjacent fr equencies are well within the band it is
a moot question whether the overall signal level is best char-
acterized by the nominal fade depth at the center of the band or
by the behavior at some adjacent frequency. In any event the
fading is characterized by a higher degr ee of frequ ency
selectivity.
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The forementioned frequency selectivity is also apparent
in the plot of grou p delay vs. frequency in Fig. 2.48. We see
that extreme excursions are possible within the band . The
extremely large group delay excursions must be considered in
conjunction with the earlier fade depth vs. frequency curve.
Doing this we see that the frequency components most delayed
are also thos e mos t attenuated. Thus , the effec ts on signal
distortion at the receiver are not clear . Such questions , of
course , were the motivation for the P and T parameter represen-

F tations discussed earlier in Section 2.3.2.

To further examine the extreme values that can be
encountered we have chosen a carrier frequency just in excess
of that used to generate the earlier curves. The resul ting
dep endenc e of fade level and group delay on layer height is
dep icted in Figs . 2.49 and 2.50 where we note fade depths to
-63 dB and group delay excursions in excess of 2000 ns. As
pointed out in connection with the earlier curves , the narrow
fr equency domain occupancy of the most extreme excursions and
the congruence of fade depth and group delay excursions may
tend to negate the drastic extremes appearing in plots of
center-of-the-band quantities .

2.4.3 Prqpagation Parameters Used for Computations
of Modem Perf ormance

In order to compute the SNR degradation due to frequency-
selective fading on the Hohenstadt-to-Zugspitze link we have
taken sample points from each of the multipath profiles illus-
trated in Figs . 2.16 to 2.18. The layer height samples are
given approximately by

fh - h .
I max mmh = h + n n = 1,2,3 (2 . 177)L mm 4

wher e hmjn is the smallest layer height resul ting in mul tipath
for a given layer tilt an d hmax is the largest. This scheme is
illustrated in Fig . 2.51 where we have numbered the cuts accord-
ing to the value of n in (2.177). This numbering , accompanied
by the exact layer heights involved , als o ap pear s on the error
rate curves to be presented later in this report .
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Extensive computer simulations of the DAU modem and IF modem
operating over the channel described above have been carried out
using the simulation software developed under this contract. This
software is based upon the frequency power series model of the
mul tipath channel and uses the distortion parameters Pi~and p

~ 
(see Section 2.3.2) to characterize the distortion in the

discriminator output . The SNR degradation due to frequency-
selective fading is the topic of Section 3.

Before presenting performance results we briefly summarize
the process of identif ying channel parameters for simulation .
First , for the geometrical parameters we utilize the Hohenstadt-
to-Zugspitze specifications described earlier . For the refrac-
tive index gradient the values -400, -350, and -300 Nu/km are
used; these are in reasonable accord with relevant data [2.61.
For each value of refra ct ive index gradient the layer slopes
given in Table 2-3 have been used in the calculations. This
results in consideration of 27 distinct channel conditions .
Not all combinations of refr active index gradient and layer
slope resul t in mul tipath , however . All of the multipath pro-
files resulting from those combinations that do support multi-
path have been illustrated earlier in this report and have been
samp led in the manner illustrated in Fig . ~.5l. This approach
via the propagation software provides us with the discrete set
of amplitudes and delays that have been used in the simulations
described in Section 3.

2.5 Comparisons With Experiment

In this section we briefly compare our computed results
with experimental data and theoretical conclusions of other
workers in the field. Most of our comparisons relate to work
done by investigators of the Bell Telephone Company .

Our comparisons with the available literature reveal no
significant differences between our computed results and exper-
imental measurements—in fact , the overwhelming impression
imparted in such a comparison is that our results show the same
physical dependencies as the experimental data.

As an example of the above noted correspondence between
experimental results and our computed results we point out that
measurements repor ted by Babler [2.25] show no disagreement ,
in terms of fundamental numerical values with our computed
quantities . In fact , his mea sur ed plots of amplitude vs. fre—
quen cy,  bear a striking resemblanc e to the ones we have calcu-
lated. Babler reports on statistical measurements of linear
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and quadratic distortions of amplitude. The quantities he
deals with derive strictly from consideration of signal ampli-
tude and do not include any information on the important fre-
quency variation of phase. Similar limitations apply to the
diversity data in [2.26]. As a continuation of the forementioned
program , however , the limitations were removed in the work of
Subramanian, et al. [2.27] who present fade records in con-
junction with records of phase difference. These records
(Figures 5 and 6 in [2.27]) bear a close resemblance to the
plots of fade level and group delay that we have calculated for
links of comparable length , and yield similarly close numerical.
values ~*

The authors of [2.27] conclude their paper with the
statement:

“Although simple two-ray models can be made to
account for both amplitude and phase dispersion ,
the complex temporal behavior indicated in our
resul ts along with that repor ted by Babler lead
us to believe that the multi-ray (more than two
rays) phenomenon is the cause of these deep fades .”

(A two-ray model, of course , would yield a s imple sinusoidal
dependence on frequency.) The above “belief,” in our model , is a
direct consequence—one direct path and two layer paths being
the most probable situation for condition “A” of Fig. 2.5 , (see
demonstration of this at the end of Section 2.2.4), and one
pseudo-direct path and two layer paths being the standard case
for condition “B”, [see discussion in connection with the cubic
equation (2.65)1.

Relative to the importance of frequency-selectivity on
microwave LOS links we note that Babler , as previously pointed
out by Kaylor [2.28], points out the increased importance of
frequency-selectivity during deep fades. This is something that
has stood out clearly in the analysis (see Section 2.3.3), and
in virtually all of the computations in this report.

*By “phase difference” is meant the difference in phase between
two tones .55 MHz apart. Though this resolution is suitable
for estimates of group delay (frequency derivative of phase)
on the link measured in [2.27] the group delay curves shown
there are not as sharp as our computed ones .
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Another example of the appropriateness of our model relates
to the occurrence of signal enhancement . This seems not to have
been a major concern (justifiably so) of the BTL workers .
Naturally,  for a phenomena that doesn ’t resul t in signal degrad-
ation , there is no profound interest . Nevertheless , the second-
ary resul ts of a useful  propagation model , though of little
interes t, should correspond with real world results. As pointed
out in [2.29) microwave paths that support the formation of
ground based atmospheric layers may cause signal enhancemen t u p
to 30 dB. We have observed signal enhanc emen ts up to 24 dB in
the calculation from our model (see Fig. 2.46) and were it not
for the limited resolution of these plots (there was no practical
motivation for looking at a finer resolution) the enhancements
would be slightly larger. Relative to occurrence of fades we
point out that Barnett ’s conclusion [2.30] that the probability
of deep multipath fading is linear in frequency is in keep ing
with ours that the spatial rate of fading is linear in fr equency
(see discussion in Section 4.1 following), i.e., that the higher
frequencies will yield proportionately higher a number of lay er
heights at which deep fading will occur .

We now turn to the work of Ruthroff [2.31] whose attempt to
analyze refractive multipath was the forerunner of our own. It
is easy to point out the limitations of pioneering work . As an
example, we point out that some simplifying assumptions about
link geometry were made (e.g., transmitter and receiver antenna
heights were assumed to be equal). Additionally, and perhaps
mor e impor tan tly, a determination of ray path amplitudes was not
attempted [an absolute requirement of system function modeling
as evident from Eq. (2.119)). It is, no doubt , because of this
last limitation that the author makes the following erroneous
supposition:

“In the present model the amp li tudes of the signals
received via the refracted rays are nominally equal
to the amplitude of the signal received in the
absence of the refracting layer .”

This is equival ent to assuming the aj  in (2.119) are all of
value unity. We have found this not to be the case and have
uncovered substantial physical r easons why it should not be the
cas e. Our anal ysis indicates tha t, with hi gh pr obability,  a
total of three interfering rays are supported—two within the
layer—a third beneath the layer . The very existenc e of the
layer multipa th rays indicates that the lay er is in a focussing
condition (i.e., there is an intersection of ray paths at the
terminals). This strongly indicates a signal amplitude above
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unity. Our calculations reveal invariably that this is the case
in a multipath fading situation .

Ruthroff goes on to say :

“Since the probability of three rays of equal ampli-
tude combining to form a deep fade is much less than
the probability of two rays of equal amplitude com-
bining to form a deep fade , we conclude that the dis-
tribution of attenuation is dominated by two-ray
interference.”

This contradicts the conclusion (cited above) of other workers
who felt that the comp lexity of their data coul d no t be exp lained
in two-ray terms , and our detailed analysis which indicates the
probable existence of three paths (or more).
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SECTION 3
SNR DEGRADATION DUE TO FADING

3.1 Receiver Modeling for Performance Evaluation

3.1.1 Introduction

In Section 2.3 we presented the frequency power series (T
parameters) model for the propagation channel. From this we
derived the p-parameter representation for receiver output wave-
forms . This representation may be expressed in terms of either
frequency or phase. In the first case it takes the form

e ( t )  = c,(t) + p1~
(t) + p2~ (t) + p3~ (t)~~(t ) (3 .1)

where c~( t )  is proportional to the input frequency and 8(t) to the
output frequency . In the second case we have

8(t) = c~(t) + p1~
(t) + p2~ (t) 

+ ~ p3~~
( t) (3 .2)

where c,(t) is the input phase and 8(t) the output phase. In this
section we will use the p-series model to calculate performance
of two modems . The first is a baseband modem operating with con-
ventional FM radios ; for this app lication the form of Eq . (3. 1)
will be used . The c-~ cond is a narrow band phase-continuous FSK
modem ; detection in this modem is based on phase measurement so
the form of Eq. (3.2) w~ ll be used .

Before proceeding to discuss the two modems , it is appropri-
ate to indicate the approach which will be used to evaluate per-
formance in the presence of distortion . In essence , we will
consider a sequence of symbols consisting of the symbol to be
detected plus any adjoining symbols which contribute to inter-
symbol interference. For each of the many possible sequences ,
the error probability wiJi be evaluated numerically . The final
step will be to average these results to find the true average
error probability. This procedure is, of course , different from
a true simulation in which samples of the actual waveform are
generated , processed through a mathematical model of the channel
and r eceiver , and errors counted . The disadvantage of the latter
approach is that only high error rates may be obtained , since
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inordinately long runs woul d be required to observe low error
rates . Thus , the approach to be used will facilitate calcula-
tion of low err or rates which could not be obtained with a true
simulation. This is a valuable property in the analysis of
line-of-sight m~dems where the performance goal is a bit errorrate of 5 x l0 -

3.1.2 Baseband Modem

3.1.2.1 Operat ion in the Absence of Distortion

The DAU modem supp lies a quaternary baseband waveform for
an FM transmitter . This waveform consists of a sequence of band-
limited pulses modulated by quaternary symbols. Referring to
Fig . 3.1, we may write the baseband waveform as

x(t) = 
~ ~~

h~(t -kT) a~ € {± ~ , ± a} (3.3)

In terms of the transmitted energy per bit Eb and symbol dura-
tion T, the FM modulated signal in complex notation may be written

tJ~ 
j2i~ô ~ x (T)
e (3.4)

The basic puls e waveform us ed in this modem is:

1 . /irt \ t
- ~~ 

-
~~~ sin + cos

IT /t\[1. ft\~7L 4 -

with transform

T

Hx (w) ~Jl + Sth ~ 1’ * \w\ < (3.6)

0
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We will adjust the amplitude a so that the peak instantaneous
value of x(t) (taking into account pulse overlap for the worst-
case symbol sequence) is uni ty and hence the peak instantaneous
frequency deviation will be 6; this value turns out to be a O.685.

At the receiver , the instantaneous frequency at the output
of the discriminator is given by öx(t). This is passed through
a receiver filter HR(W) identical (except for gain) to the
tran smit filter:

HR (w) = 
~ 

H~ (W) (3.7)

In cascade , H~(w) and HR(W) give the so-called “5O7~ roll-off
”

bandlimited wavef orm :

T

G(w) = Hx (w) HR (w) = I + sin ~~ T 

* ~ (3.8)

3ir0

/i ftsifl IT cos
g(t) = hx(t) *hR(t) = t 2 (3.9)

1 -  (
~

)

In a quaternary modem with equally likely symbols , the
average error probability may be written as

= Pr {error\sk 
= _a } + Pr {error\sk 

= -

+ Pr 
{
error ’sk = + 

~
-} + Pr 

{
error\sk = a} (3.10)
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Taking into account the modulation index 6, the proper decision
thresholds for the receiver are 0 and ± 26a/3. Thus , if y

~ 
is

the sampled receive filter output due to signal and 
~k 

the noise
component , the probabilities appearing in (3.10) are given by

Pr 
~
error\s

k 
= -a~ Pr + > - ~~~~~~ = -a} (3.11)

al 28a aPr 
l
error\sk = - 

~~~~~~ 
= Pr-

{ ~k 
+ ‘

~k 
< - 

~~~~~~ 
= -

+ P r
~~

yk + n k > O
~
sk

= _
~~~} (3.12)

Pr 
{
error\sk = 

~
}- = Pr {Yk + ~k < O \ S k

+Pr
{
yk + n ~~>~~~~ \sk

=~~~} (3.13)

and

Pr 
{
error

~
sk = a} Pr {~~k 

+ nk < 
3~~~k 

a} (3.14)

Recognizing that the noise will be zero-mean and Gaussian , we may
combine these equations as

~e 
= 1 

~ 
[-Y k -a - 

+ Q [Yk (- )~ 
+

+ Q [-Y k 
(_ i.)] 

+ 
~

+ ~ [

~~ k ( + 

+ [Y k (a) - 2.~~~~

] 
~ (3.15)

where ~(x) is the probability of a Gaussian exceeding x times
the variance:
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Q(x)  ~~~ $ e T dt (3.16)
x

Note also that the argument of y denotes the transmitted symbol 5k

The response of Eq. (3.9) has the Nyquist property of no
intersymbol interference when sampled correctly; that is,

(1 k=0
g(kT) ( (3.17)

t~o k~~0

Thu s, in the absence of channel distortion , the signal component
in the receiver output is given simply by

= ôS k (3.18)

When this is true Eq. (3.15) may be simp lified greatly; noting
that all the arguments on the right-hand side are identical , it
becomes

= Q (~~~~~) 
(3.19)

In caiculating the noise variance at the receiver filter
output we will use the quadrature approximation. Thus , if n( t)
is the comp lex envelope of the noise in the receiver front-end ,
the phase noi se is given by

Im fn(tfl

2T 1~~O V T

For a two-sided spectral density of N0/2 watts/Hz , the spectral
densi ty of the complex Low-pass waveform n(t) is 2N~ and that of
Im [n(t)) is N0 so that the density of the phase noise is

N0T
(3.21)

4 \ T 0~ Eb 3-6 

-5----- —5 --- - -  --5- - - - -5



- -

The discriminator output is proportional to instantaneous
frequency:

1 d Im [n ( t ) ]
2IT dt (3 .22)

2To~~~~

and will  have spectral densi ty given by

_____  

N
0T

2 2 (3.23)(2ir) 4~T0~ Eb

Thus , the noise variance in the f i l te r  output is given by

2 
= 

N0T 

2 ~ 
w
2
~
HR (w) ~2 

~~ 
(3.24)

4 ( 2 I T)  ~T0~ 5b ~~ IT

Evalua tion of thi s integral using the transfer function of
Eq. (3.7) gives the following result

N / 22 0 :7~ -24= 
2 2 1 12 (3.25)

A (2ITT) ~T0~ Eb ~

Subst i tu t ing  this resul t  into Eq .  (3.19) gives the r esu l t :

2 2 1/2
0.0555 (2ivôT) ~T0 Eb

= 
2 N0 

(3.26)

In evaluating performance , a value of ô must be selected to
approximate the value used in the actual  modem . This value ,
which was selected to produce a 99% bandwidth equal to half the
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bit ra te, is somewhat unclear. In making the calculations we
have assumed a transmitted bit rate of 27.648 M bit/sec (the
highest rate of which the modem is capable) and a peak-to-peak
deviation of 8.1 MHz. With this value 2ITÔT = 1.85 and Eq. (3.26)
becomes

3 /0.l9O~TO i 2 Eb
= ~~ ~ Q’ N0 

(3.27)

This gives an ~rror probability of 5 x l0~~ at !~T0~
2 Eb/NO 22.5

dB (where ~T0~ Eb/NO is the value of Eb/NO in a flat fade), which
corresponds well with both other predictions and measured results
(cf. Fig. 19 of [3.1]).

3.1.2.2 Performance in the Presence of Nultipath

We will now consider the process by which performance is
calculated in the presence of multipath . Our basic p-parameter
model relates the time derivations of input and output phase:

8( t ) = ~(t) + p1c~(t) + p2~
,(t) + p

3c ~ (3.28)

We let f(t).denote the signal component of the discriminator
output , or 8(t)/2IT. Making use of the transmitted phase
definition of Eq. ( 3 . 4 ) ,  the p-parameter model becomes

f ( t )  = ô [ x( t )  + p1~c ( t )  + p 2x ( t )  + 2ITô p3x ( t ) x ( t )]  (3 .29)

Note that x(t) is given by Eq. (3.3); consequentl y the deriva-
tives appearing in (3.29) are given by

x ( t )  = 
~ 
ak
h (t - kT) (3.30)

and

~x( t ) = r akhx(t_ kT) (3.31)

Referring to Fig . ~.l, the waveform at the sampling point is the
result of passing f(t) through the receive filter, or
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1

y( t) = f ( t ) *h R ( t )  (3 .32)

Using Eqs. (3.29), (3.3), (3.30), (3.31), and (3.9) this becomes

y(t) = 6 £ a~ [g(t - kT) + p1g(t 
- kT) + p

2
g~(t - kT) ]

+ ô(2IT6)p
3[(E ak

hX(
t_kT))(

~ 
a
~
h
~
(t-

~~
T))] *hR(t)

(3.33)

The first term in this expression may be readily calculated
since g(t) and its derivatives are known . Since g(t) falls off
rap idly, only a few symbols influence y(t). In the computer
evaluation of performance two symbols preceding and two sy9lbols
following the one being detected were considered , giving 4” 256
individual cases. On the other hand , the second term mus t be
calculated by numerical convolu tion . For each of the 256 cases
(representing distinct sequences of adjacent symbols) the error
probability may be calculated from Eq. (3.13); the average error
probability is found by averaging over these cases . However ,
before making this calculat ion we must specif y the instant of
time kT+t5 at which y ( t )  is samp led to det ect a~~. This problem
is considered below .

In calculat ing receiver timing we assume a tracking loop
which responds to the mean zero crossing point of the waveform
y(t). Consider the T second interval between t = kT and
t = (k+1)T. (We are neglecting delay in order to simp lif y the
discussion.)  If a~ an d a~+~ are of opposite polarity the undis-
torted waveform x(t) will have a zero crossing in this interval.
Although the position of this zero crossing will depend on the
data sequ ence , its mean value (averaged over all data sequences)
will be exactly at the mid-point of the interval . The distorted
waveform y(t) will also have a zero crossing in this interval as
long as the “eye” of the waveform has not c losed. Since eye
closur e will resul t in catastrophic performance degradation , we
will  not seriousl y res trict the analysis by assuming the eye is
open . In finding the mean-zero crossing two preceding and two
following symbols are considered. Of these 256 cases orly 128
will have a zero crossing in vi ew of the requir ement on the
polari ty of a

~ and ak+l. For each of these cases , the zero
crossing of y(t) [as given by Eq. (3.33)] is found and the results
are averaged.
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3.1.3 IF Modem

3.1.3.1 Principles of Operation

The modulation technique used in the Harris IF modem is
phase-continuous FSK. The onl y unconventional featur e of the
modulator is that the deviation is set to the unusually low
value of 1/8 to achieve a packing density of 2 bits/sec/Hz. In
the receiver portion of the modem , however , a very unconven-
tional structure has been implemented to achieve high performance.
In order to provide background necessary to unders tand the model
used for performance evaluation , we must briefly describe the
principle of operation of this receiver . For a more complete
description , as well as for details of implementation , the reader
should consult reference [3.2].

For a modulation index of 1/8 , the separation between
adjacent tone frequencies is 1/8T, where T is the symbol dura-
tion. Thus, the set of four frequencies (referenced to the low-
est) are -

= i = 0 ,1,2,3 (3.34 )

Considering a sing le bau d , the t ransmit ted phase waveform assum-
ing a tran3mitted frequency f1 will  be

0 < t < T  (3.35)

where we have assumed a starting phas e 
~o 

and are again refer enc-
ing to the lowest frequency ~~ It is clear from (3.35) that the
phase increment over a baud will be a multip le of iii4 and hence
the allowable phase at any symbol boun dary wil l  be one of eight
possible values spaced at intervals of iii4 around a circle.

Assuming the signal stru ctur e des cribed above, if on e could
measure the phase at each symbol boundary with a reference at
frequency f0 one could demodulate the transmitted frequencies by
comparing adjacent phase measur ements. In essence, this is the
approach used in the demodulator in question . However , the pre-

— sence of a bandpass filter at the receiver input (Fig. 3.2)
introduces variations in the received phas e whi ch depend on
adjacent frequencies . This filter is a fourth-order Bessel filter
with noise bandwid th equal to the symbol rate, so that (in the
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absence of other degradation ) the phas e noise variance is given by

N
02 

= (3.36)
b

In summary , if the phase at t 0  is zero before the BPF, the
phase at its output is

(k— j)80 k , j = 0,1,2,3 (3.37)

where f. is the frequency during the interval (-T,0), 
~k 

the fr e-
quency ~dur ing (0 ,T) and 00 is 5°. As a result of this phase
distortion , a decision as to whether phas e 00 or one of its near-
est neighbors at ±450 was sent becomes more difficult . The
correct threshold for making this decision depends on the adjacent
frequencies f~ and ~k 

which are unknown to the receiver . To
circumvent this difficulty, the FSK demodulator uses an iterative
procedure. In essence , a series of tentative phase decisions are
made using compromise thresholds . These tentative decisions are
used for selecting proper thresholds , and f inal  phase decisions
are made. Both simulations and tests on the breadboard receiver
[3.2] indicate that performance of this ad-hoc procedure is
essentially equivalent to that calculated for making a noisy phase
measurement with correctly chosen thresholds.

Other aspects of the FSK receiver which are of significance
for performance evaluation are the extraction of references for
phase measur ement and symbol timing. As shown in Fig . 3.2 ,
an eighth-order nonlinear operation is followed by PLL ’s at 8f 0and 8f 1. The former supp lies the reference for phase measure-
ment , while the difference between the two supp lies the symbol
timing . The effect of multipath on these operations will be
discussed in the next section .

3 .1 .3 .2  Ef fec t  of Mul t ipa th

As described above , the fundamental operation in the FSK
receiver is the measurement of phases at the symbol boundaries .
Thus , we will  anal yze the phase measurement process. In doing so,
we will assume that the receiver has correctly detected the two
adjacent phases . Thus we will not need to deal with the com-
plexity of the iterative procedure employed by the actual receiver .
On the oth er hand , we know that actual receiver operat ion closel y
approaches this ideal behavior .
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Consider the following situation : the receiver has correctly
detected the t ransmit ted phases Q(-T)  and cp (T ) .  With no loss of
generality , we may assume that the true phase at t 0  is 0. Thus
two error e~~nts are of significance:

Event A: Receiver decides ~ (O)

Event B: Receiver decides ~ (0) = - -
~~~

In the absence of multipath the actual phase y at the bandpass
f i l t e r  output depends in a simp le manner on the preceding and
succeeding frequencies f~ and f k :

y ( O )  = ( k - j ) 8 0 (3.38)

For c~(0) = the preceding and succeeding frequencies would have to
be f~+i and 

~k l ~ 
giving an actual ph ase

~~~~~~ 
~~~~~~~ (k- j-2)60 (3 .39)

So that the correct threshold to be
= 0 and c~(O ) = ir/4 is

~ [~~
o~ + y (O) = + (k - j - 1)9~ (3.40)

Thus the probability of event A is

P~ (j ,k) = Pr { ~‘(0) + n > + (k  - j - 1)8
~}

+ (k - j - l)e0 -

= i - (3.41)
a

where the noise variance a2 has been defined above . Similarly,
event B requires that the adjacent frequencies be and
so that in the absence of distortion
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= - ~~~~ + (k-j+2)e 0 (3.42)

Thus, for the decision between cD(O) = 0 and ~ (O) = -IT/4 the
correct thr eshold is

~ [y(o) + ~‘(o) 1B] = - + (k- j +l)eo (3.43)

and the probability of event B is

P~ (j ,k) = Pr { y(0) + fl < - + (k - - l)c~0}

Iv ( 0 ) + - (k-j +l)~~
= 1 - ~- l  (3.44 )a

To obtain average error rates these expressions must be averaged
over j and k , taking into account the fact that frequencies out-
side the range (0,3) are not allowed. Thus we have

2 3 3 2
Pr ~phase error) = 

~ 
P
A (j,

k) + 
~ 

P B ( j , k)
j=0 k-l j=1 k=0

(3.45)

Sinc e each phase error will resul t in two fr equency err ors , the
symbol error rate (and the bit error rate , if grey coding is
used) will be twice this quantity.

In the presence of multipath , the simp le expression for
y(O) given above [Eq. (3.38)1 cannot be used in evaluating P~ (j,k)
and PB(j,k). First of all , the actual sampling time will not be
zero; but will be determined by the operation of the receiver
reference extraction as will be described later . Secondly ,  the
calculation of the received phase ~y(tsamp) must take into account
the multipath distortion . Referring to Fig. 3.3 , we observe that
since the receiver BPF and channel model are linear operations,
we may interchange them . Although we have previously discuss~’~
~(t) as the phase relative to a carrier at f0, it will be con-
venient in what follows to refer phases to a hypotht~tica1 centerfr equ ency. Wi th this refer enc e, the transmitted phases a~e
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